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Abstract 

Given two equivalent locally compact Hausdorff groupoids, the Bost conjecture with Banach 
algebra coefficients is true for one if and only if it is true for the other. This also holds for the 
Bost conjecture with C* -coefficients. To show these results, the functoriality of Lafforgue's KK- 
theory for Banach algebras and groupoids with respect to generalised morphisms of groupoids is 
established. It is also shown that equivalent groupoids have Morita equivalent -algebras (with 
Banach algebra coefficients). 
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It is a well-known fact that the C*-algebras C* {Q) and C* {TL) are (strongly) Morita equivalent, where 
Q and 7i are equivalent locally compact second countable Hausdorff groupoids equipped with Haar 
systems, see IIMRW87 1. It is also true that the L^-algebras Ij^{Q) and L^('H) are Morita equivalent 
Banach algebras in the sense of V. Lafforgue; see Paragraph l5.2l for a definition of this notion. In the 
present article, we prove this fact in the course of a systematic treatment of groupoid Banach algebras 
and the descent, and generalise it in two ways: Firstly, we allow for more general unconditional 
completions A{Q) and A{7i) instead of L^(t/) and L^('H) (see Paragraph 15.21 for details) and we 
consider, secondly, Banach algebra coefficients, i.e., we consider an 7^-Banach algebra B, construct 
the induced ^-Banach algebra Ind^ B and show that 

A{n,B) ~M AiGMd^^B). 

From this Morita equivalence it follows that the two Banach algebras have isomorphic K-theory. In 
this article, we fit the isomorphism in K-theory into the following commutative diagram: 

j^top.ban^^^ -K,(^(H, B)) 



K*°P'^^'^ {g, Ind^S) ^ ^K4A{g, Ind^S)) 

The vertices on the left-hand side are Banach algebraic versions of C*-algebraic topological K-theory 
which are constructed from KK^^^ instead of KKg. We show that KK[i'*'^ is invariant under equiv- 
alences and, more generally, that it is functorial under generalised morphisms of groupoids. We 
proceed in analogy to |LG94] where the case of KK-theory for C* -algebras and groupoids is treated; 
the additional technical challenges that arise from the fact that we deal with fields of Banach algebras 
are met by a systematic development of the theory, what, admittedly, adds not only accuracy but also 
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some length to the article. As a consequence of the invariance under equivalences, we obtain the left 
vertical arrow in the above diagram and we can deduce that it is an isomorphism. 

The horizontal arrows in the diagram are Banach algebraic versions of the Bost assembly map as 
defined in [Laf06 1. The commutativity of the diagram is shown by an analysis of how equivalences of 
groupoids and the descent homomorphisms for unconditional completions interact. 

The main result of this article can now be read off the above diagram: The Bost conjecture with 
Banach algebra coefficients for Q is equivalent to the Bost conjecture with Banach algebra coefficients 
for H, because induction is an equivalence of categories between the C/-Banach algebras and the H- 
Banach algebras. 

In addition to this, there seem to be very few results for the Bost conjecture with Banach algebra 
coefficients as presented in this article, although this conjecture is a rather obvious variant of the Bost 
conjecture with C*-coefficients. To my knowledge, there is only the Green- Julg theorem for compact 
groups, its generalisation to proper groupoids, and, as a consequence, the split surjectivity of the Bost 
map for proper Banach algebras as coefficients (see [ParOVa]). It might be the case that, so far, the 
left-hand side of the Bost conjecture with Banach algebra coefficients is not understood well enough. 

But for C* -algebra coefficients, we can obtain additional results. First of all, there is a diagram 
for C*-algebras and K*°p instead of k*°P''^'*'^, analogous to the one above. It can in fact be obtained 
from the above diagram because the Bost assembly map for C*-algebras factors through k*°P''^'^°. 
We can conclude that the Bost conjecture with C*-algebra coefficients for Q is equivalent to the Bost 
conjecture with C*-algebra coefficients for H. 

Let us sketch an important consequence of the C*-algebraic result which so far cannot be extended 
to Banach algebra coefficients: Let H be a. closed subgroup of a (second countable) locally compact 
Hausdorff group G. Then the groupoid G x G/H is equivalent to H (considered as a groupoid with 
one-point unit space). So the Bost conjecture for H is equivalent to the Bost conjecture for Gk G/H. 
What is left to analyse is the interplay of the Bost conjecture for G x G/H and the Bost conjecture for 
G, which is much better understood for C*-coefficients. If H is an open subgroup of G, then the Bost 
conjecture with C* -coefficients for G implies the Bost conjecture with C* -coefficients for G x G/H, 
so it is also true for the open subgroup H. This will be the subject of a forthcoming article. 

In the first section, we review the category of locally compact Hausdorff groupoids and generalised 
morphisms, also introducing the so-called linking groupoid of an equivalence which will prove very 
useful in the subsequent sections. The second section recalls the definition of upper semi-continuous 
fields of Banach spaces, Banach algebras etc. Although we mainly follow IILaf06L also in Section 3, 
where we recall the definition of bivariant equivariant K-theory for Banach algebras, we put some 
additional emphasis on compact and locally compact operators between fields of Banach spaces. 

In Section 4, we show that KK^^"^ is functorial for generalised morphisms of groupoids; the basic 
outline of the construction follows l|LG99i 

Section 5 first recalls from IILaf06ll the descent in the Banach algebraic setting: If 5 is a ^-Banach 
algebra for some locally compact Hausdorff groupoid Q, then we construct a Banach algebra A{Q, B) 
where A{Q) is a so-called unconditional completion of Cc{Q), e.g. Ij^{Q). We then show that the 
Banach algebra A{Q, B) is Morita equivalent to A{T-L, Indg B) for every groupoid Ti equivalent to 
Q (see Theorem 15.61 for a precise formulation of the result). We also analyse how the descent on the 
level of KK'^^'^ -theory behaves with respect to equivalences of groupoids. 

In Section 6, the Bost assembly map for groupoids is presented in a completely Banach algebraic 
framework (in IILaf06ll it was introduced only for C* -coefficients and not more was needed). We then 
show that the Bost conjecture is invariant under equivalences of groupoids. 



2 
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Notation: All Banach spaces and Banach algebras that appear in this article are supposed to be 
complex. Let X, Y and Z be sets and f : X —>■ Z and g: Y ^ Z be maps. Then we write X x fgY 
for the fibre product {{x,y) ^ X x Y : /(x) = g{y)}- If / and g are understood, then we also 
write X xzY ox even X *Y .\i X,Y and Z are topological spaces and / and g are continuous, then 
X y is a closed subspace of X x y. 

1 Locally compact groupoids 

In this section, we recall the definitions of locally compact Hausdorff groupoids and generalised mor- 
phisms between them. Historically, the theory of locally compact groupoids was inspired by the study 
of foliations liCon82t iHae84.. .HS87.I but the main application we have in mind concerns the (induc- 
tion from) closed subgroups of locally compact Hausdorff groups and transformation groupoids, so 
we concentrate on Hausdorff groupoids with open range and source maps. The notion of a linking 
groupoid of an equivalence is introduced and the puUback construction for groupoids is recalled from 
||LG94. ,LG99iI . We then study how Haar systems of groupoids behave under these constructions. A 
general reference for Sections 11.11 11.21 11.31 and [T3] is Section 2.1 of IILG99II . Detailed proofs are 
contained in IIPar07bll 

1.1 Groupoids and groupoid actions 

A groupoid is a small category such that every morphism is invertible. If ^ is a groupoid, then we 
will denote the set of composable pairs of morphisms by Q^"^^ (lQxQovhyQ*Q, and the set of 
identity morphisms by ^'^'^^ C Q. The set Q^'^\ called the unit space, can also be regarded as the set 
of objects of Q. The range and source maps Q — > Q^^^ will be denoted by rg and sg (or r and s if Q 
is understood). 

Often, we will think of Q^^^ as being a set that is not a subset of Q but a distinct set on which the 
groupoid "acts". If X is a set and ^ is a groupoid such that ^'^'^^ = X, then we say that ^ is a groupoid 
over X. The map that sends some x G X to the associated identity morphism in Q will usually be 
called e. In calculations, however, we will always omit this map. 

Let Q he. a groupoid. If K and L are subsets of Q'^'^\ then := {7 € : r(7) € L}, 
Qk:={i^Q: s(7) ^ K} and := n Qk- If 5 e then Gg := and ga := gia}. 

A topological groupoid ^ is a groupoid which is at the same time a topological space such that the 
composition, inversion and the range and source maps are continuous. If ^ is a groupoid over a set 
X, then we also have to assume that X is a topological space and the map e : X ^ ^ is continuous. 

There are several canonical examples of topological groupoids: 

1. If X is a topological space, then we define the structure of a topological groupoid on X by 
setting r := s := Idx (so there are only units). 

2. If G is a topological group, then G can be regarded as a topological groupoid if we let r and s 
be the projection on the identity element of G. 

3. Let X and Z be topological spaces and let p : X — > Z be a continuous map. We define the 
structure of a topological groupoid on the fibre product Xx^X = XXpXby setting 

(Xx^X)(°):=X and e: X ^ X x z X, x ^ {x, x), 
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r: X xz X ^ X, {y,x) ^ y and s: X xz X ^ X, {y,x) ^ x, 
yx,y,z e X,p{x) =p{y) = p{z) : {z,y) o {y,x) := {z,x) and (y, x)"^ = (x, y). 
If p is open, then r and s are open, too. 

Let Q and H be topological groupoids. Then a 5fncf morphism f from ^ to is a continuous map 
from Q toH which is also a homomorphism of groupoids (i.e., a functor). The topological groupoids, 
together with the strict morphisms, form a category. 

A locally compact Hausdorjf groupoid is a topological groupoid such that the underlying topolog- 
ical space is locally compact and Hausdorff (which implies that also the unit space is locally compact 
and Hausdorff). To avoid technicalities, we will only consider locally compact Hausdorff groupoids in 
the followingjj Moreover, we will always assume that the range and source maps of the groupoids we 
consider are open. The openness of these maps is not a dramatic restriction because our main interest 
is to treat the case that the groupoids carry Haar systems, and in this case, the range and source maps 
are automatically open. 

THE REST OF SECTION [T] LET Q, H AND K. BE LOCALLY COMPACT HAUSDORFF GROUPOIDS 
WITH OPEN RANGE AND SOURCE MAPS. 

We refer to IILG99i . Section 2.1 for the definitions of the following concepts: 

• free, proper and principal (/-spaces (which we always assume to be locally compact Hausdorff); 

• the crossed product groupoid or transformation groupoid ^} x G where is a right (/-space; 

• the quotient space Q/Q where Q is aright ^-space; note that the canonical quotient map from Q 
to rj/C/ is open (fTuOT], Lemma 2.30) and that the quotient space is locally compact Hausdorff 
if Q is proper (| Tu99 l . Proposition 6.3); 

Let 17 be a right (/-space and J7' a left (/-space. Then we define 17 xg 0' to be the quotient of 17 Xg(o) Q' 
by the diagonal action of Q. If the action of ^ on 17 or 17' is proper, then 17 xg 17' is locally compact 
Hausdorff. 

A Q-TC-bimodule or (/-"H-space is a locally compact Hausdorff space 17 which is at the same time 
a left (/-space and a right ?-^-space such that the actions commute. The anchor maps will usually called 
p: 17 — > G^^^ and o": 17 — > T-^'^^^ respectively. 

Let 17 be a proper right "H-space and 17' an 7i-/C-bimodule. Note that the quotient space 17 x 7^ 17' 
of 17 x^{o) 17' is locally compact and Hausdorff. On this product, there is a canonical structure of 
a right /C-space, and if the right /C-action on 17' is proper, then so is the right action on the product 
17 xn 17'. 

If 17 is not only a proper right H space but also a ^-7-^-bimodule, then we can define a canonical 
left (/-action on the product 17 x 7^ 17' making it a ^-/C-bimodule. 

1.2 Principal fibrations, graphs and morphisms 

Because we only consider groupoids with open range and source maps, we can go back to the def- 
initions of principal fibrations and generalised morphisms of IILG94II instead of the more elaborate 
concepts of IILG99II . Compare also the definitions of graphs and principal fibrations in [iHae84,l and 

mm. 

'Although many constructions and results are also available for non-Hausdorff or non-locally compact groupoids; e.g., 
see fru04l for the non-Hausdorff case. In ILaf06l and IPar07bl . parts of the exposition cover general topological groupoids. 
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Definition 1.1 (Principal fibration). Let 7i act on the locally compact Hausdorff space Vt on the right. 
A map p from to another topological space X is called principal fibration with structure groupoid 

1. is a principal 7Y-space, i.e., the 7-^-action is free and proper; 

2. p is continuous, open and surjective; 

3. p is invariant under the action of Ti, i.e., p{u>) = p{ujri) for all (tj, rj) ^ ^ * H. 

4. H acts transitively on each fibre of p, i.e., for all € O such that p(c<j) = p{io') there is an 
rj G H such that curj = lu'; note that 77 is unique as is free (one can even show that the map 
which associates 77 to the pair {to, to') € 17 Xp is continuous). 

Because p is invariant under the action of H, it induces a continuous open map p: Q/Ti. — > X. 
Because Ti acts transitively on each fibre, p is injective and hence a homeomorphism. 

A generalised morphism of locally compact Hausdorff groupoids is an isomorphism class of 
graphs: A graph Q. from to is a ^-7Y-bimodule (with anchor maps p and a, say), such that 
p: — > Q'^'^^ is a principal fibration with structure groupoid TL. Two graphs $7 and Q.' from ^ to 
are called equivalent if there is a homeomorphism from 17 to Q.' which intertwines the anchor maps 
and the actions of Q and Ti, i.e., an isomorphism of ^-7Y-bimodules. 

Definition 1.2 ((Generalised) morphism). A (generalised) morphism from Q toTih simply an equiv- 
alence class of graphs. If 17 is a graph, then we denote the corresponding morphism by [17]. 

Let f : Q ^ Tihe. & strict morphism of groupoids. Then we define Graph(/) to be the following 
graph from Q toTi: 

Graph(/) := 17 := G^^^ x^(o) 

where the fibre product is taken over the maps f\g{o) and r-.TL—^ 7i^'^\ The anchor maps ai^e given 
by 

p: 17 ^ (5,77) ^5 and a : Q ^ TC'-^l {g,rj) ^ s{ri). 

The action of ^ on 17 is given by 

7(fif,r/) := (r(7), 7(7)7/) 

for all 7 € ^, 5 G G^^^ and rj ^ Ti such that 5(7) = g and f{g) = r{r]). The action of on 17 is 
given by multiplication from the right in the second component. The morphism [Graph(/)] given by 
Graph(/) is denoted by Morph(/). 

The identity morphism of G is defined as Morph(Idg), where Idg : G ^ G the strict identity 
morphism on G- It is the equivalence class of the graph G, where we consider ^ to be a bimodule over 
itself, because G^'^^ Xg(o) G is equivalent to G- We will denote the morphism Morph(Idg) also by Idg. 

Let 17 be a graph from G to H and 17' a graph from H to /C. We define on 17" := 17 xt^ 17' the 
structure of a ^-/C-bimodule as at the end of Section [TTTl Then this bimodule is a graph from G to /C, 
called the composition ofVt and 17'. 

The definition of the composition of graphs lifts to equivalence classes. Hence we have also de- 
fined the composition of morphisms. The locally compact Hausdorff groupoids, together with their 
morphisms, form a category. The assignment / 1-^ Morph(/) is a functor from the category of lo- 
cally compact Hausdorff groupoids with the strict morphisms as morphisms to the category of locally 
compact Hausdorff groupoids with all (generalised) morphisms. 
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1.3 Equivalences 

Definition 1.3 (^-7-^-equivalence). A ^-7Y-bimodule 17 is called a CJ-'H-equivalence bimodule if 

1. it is free and proper both as a Q- and an H-space; 

2. the anchor map p: Q ^ Q^^^ induces a homeomorphisms from Q./T-L to Q^'^^; and 

3. the anchor map a: ^ ^ H^'^^ induces a homeomorphism from Q\i} to 7i^'^\ 
We call Q and H equivalent if such an equivalence exists., 

Equivalence of groupoids is an equivalence relation. Actually, being equivalent is the same as being 
isomorphic in the generalised sense (see I.Par07 b|. Proposition 6.1.30). 

If Q and H are equivalent, then the categories of ^/-spaces and of 7Y-spaces are the same: Let 
Q be an equivalence between Q and Tl and let X be a (locally compact Hausdorff) 7Y-space. Then 
Ind^X := := Q x-j^ X is a (locally compact Hausdorff) (/-space. Note that Indglnd^X 

is isomorphic to X as an 7-^-space. If X is proper, then also Ind^ X is proper. If X is 7-^-compact, 
then Ind^ X is -compact. If EH is a universal proper locally compact ?-^-space, then Ind^ EH is a 
universal proper locally compact ^-space. 

1.4 The linking groupoid 

In this section we introduce some apparently new notions for locally compact groupoids which we 
borrow from the theory of Morita equivalences of C*-algebras. It turns out that general equivalences 
of groupoids can be decomposed into an inclusion and the inverse of an inclusion into a larger locally 
compact Hausdorff groupoid called the linking groupoid of the given equivalence. 
So let 17 be an equivalence between the locally compact groupoids Q and H. 



1.4.1 Definition 

Definition 1.4 (The linking groupoid). Let C be the locally compact Hausdorff space C := Q U U \J 
U H and £(°) := G^'^^ U H^^l Define the range and source maps of £ as 
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With these definitions, 

c*c = G*G u G*o. u n*n-'^ u n*H u n-^*G u n-^*n u H*n-'^ u h*h. 

Define a composition map from £ * £ to £ as the obvious map on the components G*G, G*^, ^*H, 
Q.~'^*G, H*fl^^, and H*H; on 17-^*17 and 17*17"^ we take the factor map onto ^l^^ xg 17 and 
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n Xt-i which we identify with H and Q, respectively. In other words, a pair (u;~^, w') G O"^*^ 
is mapped to its inner product (a;, oj')u G Ti., which is the unique element rf of H such that u' = wq 
(and similarly for r2*il~^). 

Proposition 1.5. C is a locally compact Hausdorff groupoid with open range and source maps. The 
inversion on L is the map 
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1.4.2 Full subsets 

A subset U C ^(°) of the unit space of Q is called /m/Z if Qjj oQ^ = Q, i.e., if every element 7 of ^ 
can be written as a product 7172 with 71 starting in U (and 72 ending in U). 

Proposition 1.6. Let U C Q^^^ be a full open subset Then is a locally compact Hausdorff 
groupoid with open range and source maps and is a Q^-Q -equivalence. 

Proof. We have = r~^{U) and Q]j = r~^{U) n s~^{U); hence and Q\j are open subsets of a 
locally compact Hausdorff space and hence themselves locally compact Hausdorff. The restriction of 
the range and source maps and of the multiplication on Q to turn Q]j into a topological groupoid; 
its range and source maps are open because they are restrictions of open maps to an open subset. 
Moreover, is a ^|j-^-bimodule in a canonical way. In the same way as one proves that the action 
of Q on itself is proper and free one can show that the left and the right action on are proper and 
free. Because the range map of Q is open, the map from /Q to U induced from the range map 
is open. It is clearly surjective and continuous. Also injectivity follows by a standard argument: If 
II1I2 & Q such that r(7i) = r(72) G U, then 72 = 7i(7]"^72), so 71 and 72 are in the same Q -orbit 
in . So far, we have not used that C/ is a full subset. The map from Gij\G^ to induced by the 
source map s is open, continuous and injective (by the same argument we have used as above). To 
see that it is surjective let x G Q^^\ We identify x with the corresponding unit element in Q. By the 
fullness of U we can find 71, 72 G ^ such that x = 7172 and 5(71) = ^(72) G U (note that 71 = 72^^). 
Hence 72 is an element of such 3(72) = x. □ 

Corollary 1.7. Let VLbe a Q-7i-equivalence. Form the linking groupoid C as above. Then U := G^'^^ 
is a full open and closed subset of C^^^ and can be identified with G- So G is equivalent to L. In a 
similar fashion, Ti is equivalent to C. 



1.4.3 Induction as restriction 

The categories of ^-spaces, "K-spaces and >C-spaces are mutually equivalent. Given an ?^-space X, 
the corresponding ^-space Ind^ X is defined as J7 x-^ X. The £-space that corresponds to X can be 
constructed in two alternative ways. On the one hand, one can use the equivalence ^UTi. between C 
and Ti to form (fi U x-j-i X. On the other hand, (Ind^ X) U X can be equipped with a canonical 
action of C; e.g. if u; G O C /3 and x G X, then w • x is defined if (J^{u)) = px{x), in case of which 
it is defined as the equivalence class of {u, x) in Ind^ X. Note that both ways to define Ind^ X yield 
the same result. 
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Conversely, if X is an >C-space, then Ind^ X can not only be realised as {Q U H)^^ X, but 
also as X|^{o) , i.e., as the subset of X of those elements which are mapped to elements of H^^^ under 
the anchor map. This description of induction as restriction is going to be useful in Section [d!2l 

1.5 The puUback of groupoids 

Let X := Q^^^ and Y be locally compact Hausdorff spaces and let p: y X be a continuous 
map. Then we define the pullback groupoi^ P*{Q) to be the fibre product of F x y and Q over 
X X X = ^'^'^^ X Q^^\ i.e., p*{Q) is defined as the pullback in the following diagram: 

p*{g) X Y 

pxp 



It can be realised as follows: 

p*{g) ^ {(z, 7, y) G y X g X y : s(7) = p{y), r{^) = p{z)} 

and the unit space of p*{G) can be identified with Y via y i— s- (y, e{p{y)),y). The source and range 
functions are given by ?"p*(g) {z, ^,y) = z and Sp*(g) (z, 7, y) = y; moreover, the composition is given 
by 

{z, 7, y) o {z', 7', y') = {z,-fo 7', y') 

and is defined if and only if y = z'. The inverse is given by {z, 7, y)^^ = (y, 7^^, z). Note that p*{g) 
is a locally compact Hausdorff groupoid. 

There is a canonical strict morphism from p*{G) to G, appearing in the above diagram, which we 
call p (abusing the notation); it is given explicitly by (z, 7, y) 1— > 7. 
Under certain conditions, the graph ofp:p*{g) —^Qisan equivalence: 

Proposition 1.8. Let Q have open range and source maps. The strict morphism P'- p*{Q) Q has 
graph 

Graph(p) =/(e?)(°) Xg(o) G = Y Xg,o, Q = {(y,7) ^YxQ: p{y) = r{^)}. 
Ifp: Y ^ X is open and surjective, then Graph(p) is an equivalence. 

Definition and Proposition 1.9 (The strict morphism /n). Let be a graph from Q to 7i. Write 
(•, ■)'}^ for the ?-^-valued inner product from Xp 17 to Ti, i.e., {uj^uj')-^ is defined to be the unique 
element rj of H such that lut] = lo'. 

Define /n(w',7,u;) := {lo' ,'~^uj)j^ for all (w',7,cj) G P*{Q)- Then /q: p*{G) ^ 7^ is a strict 
morphism extending a: = n^^\ 

Note that every generalised morphism can be written as the composition of an equivalence and a strict 
morphism: 

^What we call p* (5) is called Gy in [LG99I and Q[Y] in fTuOil . 
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Proposition 1.10. Let be a graph from Q to 7i. Then Morph(/f7) makes the following diagram 
commutative 

(1) P*{Q) 



Morph(p) 




1.6 Locally compact groupoids with Haar systems 

We will now analyse how Haar systems behave under the constructions we have introduced above: 
Can one lift Haar systems to equivalent groupoids, to the puUback of a groupoid or to linking groupoids? 
To be able to discuss these questions systematically, we introduce Haar systems not only on groupoids 
but also on spaces on which groupoids act. A basic concept which makes this discussion much simpler 
is the notion of a continuous field of measures: 

Let X and Y be locally compact Hausdorff spaces and let p : F — > X be a continuous map. A 
continuous field of measures on Y over X (with coefficient map p) is a family {px )xex of measures 
on Y such that supp /i^. C Y^ := p^^{{x}), for all x G X, and such that, for all 99 G Cc{Y), 

(2) n{ip) : X ^ C, X ^ / Lfiy) dp^iy), 

is an element of Cc{X). It is called faithful if supp fix = Yx for all x ^ X. Basic facts concerning 
continuous fields of measures can be found in Appendix B of fParOVbl ; note, for example, that p is 
automatically open if there exists a faithful continuous field of measures with coefficient map p. 

Definition 1.11 (Haar system). A left Haar system on a left (/-space Q with (open and) surjective 
anchor map p is a faithful continuous field {^f2)g^gm of measures on fl over Q^^^ with coefficient 
map p having the following invariance property 

(3) V7 G g G Cc{n) : / ifiuj) dA^(^)(u;) = [ ip{-fio) dA^(^^(a;). 

Similarly, right Haar systems are defined, and using that Q acts on itself on the left, we define a left 
Haar system on the groupoid ^ to be a left Haar system for this action. Note that such a Haar system 
need not exist; the range and source maps of a locally compact Hausdorff groupoid admitting a Haar 
system are automatically open. 

In BParOTbl . the following constructions are described in detail: 

1. Let X and Y be locally compact Hausdorff spaces and let p : y — > X be an open and surjective 
continuous map. Then Haar systems on the groupoid Y xxY correspond exactly to the faithful 
continuous fields of measures on Y over X with coefficient map p. 

2. If is a graph from Q toU. (with anchor maps p and a), then one can construct from a left Haar 
system (A^);jg^{o) on 7-^ a left Haar system {^fi)g^g{o) on for the action of G;if (f & Cc{^) 
and g e g'^^K then 

A^^:= / ^{ojrf)dX;l^\^), 
where to is some arbitrary element of O such that p{io) = g. 
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3. If is an equivalence between Q and H, and G and H carry left Haar systems, then the induced 
left Haar systems on Q, (for the ^-action) and Q,^^ (for the 7i-action) combine to a left Haar 
system on the linking groupoid. 

4. If 17 is a left Haar (/-space with anchor map p and Haar system \q and also Q itself carries a left 
Haar system A, then the pullback groupoid p*{G) carries a left Haar system as well: If a; € 

and If G Cc{p*{^)), then define 

A-(^)(V.):= / f 9^(u;',7,7-'^)dAf)(7)dAg-)(u;'). 

This applies in particular to the situation that is a graph between groupoids with Haar systems 
because then also Q. carries a left Haar system (as we have said above in 2.). 

5. If is a left ^-space and Q carries a left Haar system, then also the groupoid Q k Q. carries a 
left Haar system. 

2 Fields of Banach spaces, Banach algebras and Banach pairs 

In preparation of the next section, we introduce upper semi-continuous fields of Banach spaces etc. 
These concepts are crucial for the definition of ^-Banach algebras where ^ is a locally compact 
groupoid. Note that the notion of a ^-C*-algebra as defined in IILG94I uses the concept of a Co{X)- 
C*-algebra introduced in IIKas88ll instead, where X denotes the unit space of Q. Every Cq{X)-C*- 
algebra is however an upper semi-continuous field of Banach algebras over X in a canonical way, but 
for general ^-Banach algebras the viewpoint of fields seems more adequate. 

A general reference for most of this section is IILaf06ll : apart from some technical refinements 
there is also a small but notable novelty: the notion of a compact operator in the context of fields of 
Banach pairs which we compare to the notion of a "locally compact operator". 

Throughout Section |2l let X be a locally compact Hausdorff space. 

2.1 Fields of Banach spaces and linear maps 

Definition 2.1 (Upper semi-continuous field of Banach spaces). An upper semi-continuous field of 
Banach spaces over X is a pair E = {{Ex)x&x, T), where {Ex)x£X is a family of Banach spaces 
and r C Hxex ^ which has the following properties: 

(CI) r is a complex linear subspace of Hxex 

(C2) for all x ^ X, the evaluation map ev^; : F — > E^, i ^ ^(2;), has dense image; 

(C3) for all ^ G F, the map |^| : X ^ 1R>0) x 1— > H^;^, is upper semi-continuous; 

(C4) if ^ G n^iex ^'^d if, for all xq G X and all e > 0, there is an element 7 G F and a 
neighbourhood U of xq in X such that for all x G i7 we have — 7(x)||^^ < e, then also 

^ belongs to F. 

Condition (C4) just says that an element of Hxgx which can be approximated locally by elements 
of F is itself in F. Note that all elements of F are locally bounded by (C3). Instead of "upper semi- 
continuous field" we will usually say "u.s.c. field" of Banach spaces. A continuous field of Banach 
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spaces satisfies the extra condition that |C| is not only upper semi-continuous but continuous for all 

There are trivial examples of continuous fields of Banach spaces, namely the constant fields: If 
Eq is a Banach space, then define := Eq for every x € X and let F be the space C{X, Eq) of all 
continuous maps from X to Eq. Then this gives a continuous field {Eq)x of Banach spaces, called 
the constant field over X with fibre Eq. 

For a u.s.c field E = {{Ex)x€X, T) of Banach spaces we make the following definitions: The 
elements of F are called the sections of E. We will also write T{X, E) for F. The Banach space of 
bounded sections is denoted by Tb{X, E). The Banach space of all sections of E vanishing at infinity 
is denoted by Tq{X, E). The linear space of all sections of E with compact support is denoted by 
Tc{X,E). Note that 

F,(X, E) C Tq{X, E) C F,(X, E) C F(X, E). 

If is a u.s.c. field of Banach spaces and if ^ G r(X, E) is a section of E and x £ then 
Xi G '^{X,E). Moreover, Tq{X,E) is a non-degenerate Co(X)-module in this way. For every 
X G X, the evaluation map Tq{X, E) Ex has not only dense image but is a metric surjection. 

Definition 2.2 (Continuous field of linear maps). Let E and F be u.s.c. fields of Banach spaces. Then 
a continuous field of linear maps from to -F is a family {Tx)xex such that 

1. TxeL{Ex,Fx)forallxeX; 

2. VeGF(X,E): ToC: x^TxiCix)) G F(X,F); 

3. the function x t-^ \\Tx\\ is locally bounde^lon X, i.e., for all x G X there is a neighbourhood 
U of X in X such that sup„g^ ||T„|| < oo. 

The set of all continuous fields of linear maps from EtoF will be denoted by 1^°''{E, F). The subset 
of (globally) bounded continuous fields of linear maps from to F is denoted by L{E, F). 

2.2 Fields of bilinear maps and the tensor product 

In this subsection, let E, F, G be u.s.c. fields of Banach spaces over X. 

The internal product E xx F of E and F is the u.s.c. of Banach spaces over X given by the 
following data: The underlying family of Banach spaces is the family E xx F = {Ex x Fx)x&x, and 
the space of sections is 

F := {x ^ {i{x),l^{x)) : i G F(X, i?), r? G F(X, F)} . 

The set F satisfies condition (CI) - (C4), thus it defines the structure of a u.s.c. field of Banach spaces 
on E Xx F. Similarly, we define the internal sum E 0x F of E and F over X, the difference being 
that we take the sum-norm instead of the sup-norm on the fibres. 

A continuous field of bilinear maps from E Xx F to Gisa family (/ix)xGX of continuous biUnear 
maps p^x G ^{Ex, Fx] Gx) for all x G X such that 

1. Ve G F(X, E) V77 G F(X, F): x ^ (^(x), r/(x)) G F(X, G). 

2. p is locally bounded. 

^In fLaf06l, continuous fields of linear maps are defined leaving out our third condition (Definition 1.1.7); however, 
Proposition 1.1.9 of the same article states that Condition 3. is automatic if X is metrisable. A more general result along 
these lines is proved in Appendix E.2 of IPar07bl . 
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We define the (internal) tensor product E ®x F of E and F to be the following u.s.c. field of Banach 
spaces over X: for all x G X, the fibre of E (^x F over x is Ex Fx', to define the sections of 
E ®x F, let A be the C-linear span of all selections of the family E (g)x F given by a; i-^ ^(x) r]{x), 
where ^ runs through T{X, E) and rj runs through T{X, F). Then A satisfies conditions (CI), (C2) 
and (C3), so there is a smallest subset F =: T{X,E (E)x F) of Higx Fx ^ Fx which contains A 
and satisfies (C1)-(C4) (use Proposition 1.1.4 of IILaf06ll ). There is a canonical contractive continuous 
field of bilinear maps vr = {iTx)xex from E Xx F to E ®x F. Note that there property (C3) is not 
completely trivial to show, compare page 6 of IILaf06L 

2.3 Fields of Banach algebras 

A U.S.C. field of Banach algebras over X is an upper semi-continuous field A of Banach spaces over 
X together with a continuous field of bilinear maps fi: A xx A ^ A such that {Ax, /i^) is a Banach 
algebra for all x £ X. In particular, this means that fi is bounded by one. A field of Banach algebras 
A over X (with multiplication /i) is called non-degenerate if fix is non-degenerate for all x ^ X, i.e., 
the span of Ax Ax is dense in Ax- 
Let A and B be u.s.c. fields of Banach algebras over X. Then a homomorphism (of fields of 
Banach algebras) from A to B is a. continuous field of homomorphisms of Banach algebras from A 
to B, i.e., a continuous field {(px)xex of linear maps from A to B such that ipx is a (contractive) 
homomorphism of Banach algebras from Ax to Bx- In particular, such a (/9 is bounded by one. 
Let S be a u.s.c. field of Banach algebras over X. Then we define the fibrewise unitalisation 



to be the following u.s.c. field of Banach algebras: For all x G X, the fibre of B is the unitalisation 
lix of the fibre Bx of B. The sections of B are T{X, B) C{X). 

2.4 Fields of Banach modules 

Let A, B and C be u.s.c. fields of Banach algebras over X. 

A right Banach B -module is an upper semi-continuous field E of Banach spaces over X together 
with a continuous field of bilinear maps //^ : E xx B ^ E such that, for all x X , Ex is a right 
Banach fi^; -module with the iJj; -action /i^. In particular, this means that /i^ is bounded by one. The 
module E is called non-degenerate if /if' is non-degenerate for all x G A", i.e., the span of ExBx is 
dense in Ex- Left Banach A-modules and Banach A-S-bimodules are defined similarly. 

Let E and F be right Banach S-modules. Then a B-linear field of operators from E to F (or just 
a B-linear operator from E to F) is a continuous field T of linear maps from E to F such that Tx is 
Bx-linear (on the right) for all x G X. We denote the space of all such T by l}^^{E, F). 

As usual, the field T is called bounded if ||T|| := sup^g^^^ \\Fx\\ < oo. We denote the bounded 
i?-linear operators from to F by Lb{E, F). 

Let B' be another field of Banach algebras over X and let ip: B ^ B' he a continuous field of 
homomorphisms. Let be a right Banach B-module and E' he a right Banach S'-module. Then 
a homomorphism (of u.s.c. fields of Banach modules) from Eb to E'^, with coefficient map tp 
is a contractive continuous field <^ of linear maps from E to E' such that ^x is a homomorphism 
with coefficient map ipx from {Ex)bx to {E'^)b'^ for all x G A", compare BParOSII . Definition 1.1. An 
analogous definition can be formulated for left Banach modules and Banach bimodules. 
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Let El be a right Banach i?-module and E2 a left Banach S-module. Let F be a u.s.c. field of 
Banach spaces over X. A continuous field fi of bilinear maps from Ei xx E2 to F is called B- 
balanced if fix'- {Eijx x {E2)x — > is i?a;-balanced for all x € X. The balanced tensor product 
E\ ®B E2 of El and E2 is defined in complete analogy to the internal tensor product of fields of 
Banach spaces introduced above; its fibre over x G X is {Ei)x 'Sib^ {E2)x- Compare Section 4 of 
MParOSL 

Let E and E' be right Banach S-modules and F a Banach B-C-bimodule. For all T G L'|^(£;, E') 
define T (g) 1 G L'"*" {E ®b F, E' ®b F) as the family {Tx ^b^ ^^^pj^ex- assignment 
T 1-^ r (g) 1 is Unear and functorial. If T is bounded, then ||r(g)l|| < ||r||. 

Let B' be a u.s.c. field of Banach algebras and ip: B ^ B' a. continuous field of homomorphisms. 
Let £' be a right Banach S-module. Then iIj^{E) := E ®^ B' is a right Banach i?'-module, called 
the pushout of E along tp. The fibre of ■iJj^{E) at x is {^px)*{Ex)■ 

2.5 Fields of Banach pairs 

Let A and B be u.s.c. fields of Banach algebras over X. 

Definition 2.3 (Field of Banach pairs). A Banach B-pair is a pair E = {E^,E^) such that E"^ is 
a left Banach i?-module and E^ is a right Banach i3-module, together with a contractive continuous 
field of bilinear maps (, ) : E^ Xx E^ —>■ B, i?-linear on the left and on the right. E is called 
non-degenerate if E"^ and E^ are non-degenerate Banach i?-modules. 

Define Ex := {E^,E^), which is a S^^-pair when equipped with the bracket (, )x- 

Definition 2.4 (Linear operator between fields of Banach pairs). Let E and F be Banach i?-pairs. 
Then a continuous field of B -linear operators from E to F (or just a B-linear operator from E to 
F) is a pair (T^ , ) where is a locally bounded continuous field of S-linear operators from 
E^ to F> and T< is a locally bounded continuous field of i?-linear operators from F< to E"^ such 
that Tx := {T<,T>) is in Lb^ [Ex, Fx) for all x G X. We denote the hnear space of all such T by 
L'^%E,F). 

A B-linear operator from to F is called bounded if and are bounded. The space of all 
bounded i3-linear operators from E to F will be denoted by Lb{E, F). It is a Banach space when 
equipped with the obvious operations and the norm |jT|| := max{||T<|| , ||T>||} = sup^-gj^^^ ll^xll- 

The notion of a homomorphism of Banach pairs was introduced in BParOTbll . see also UParOSI . 

Definition 2.5 (Homomorphism between fields of Banach pairs). Let B and B' be u.s.c. fields of 
Banach algebras over X and let ^ : B B' be a. continuous field of homomorphisms of Banach 
algebras. Let Eb and E'^, be Banach pairs. Then a continuous field <I> of homomorphisms from E to 
E' with coefficient map -0 is a pair , <I>^ ) where is a continuous field of homomorphisms from 
E^ to E'^ and <I>^ is a continuous field of homomorphisms from E^ to E'^, both with coefficient 
map ■0, such that '■= {^x^ ^ homomorphism with coefficient map ijjx from the pair {Ex)b^ 

to the pair {E'^)b'^- 

Note that the composition of linear operators is again a linear operator and the composition of homo- 
morphisms is again a homomorphism. 

Definition 2.6 (Banach A-B-paiv). A Banach y4-i?-pair E = {E^,E^) is a Banach i?-pair E such 
that E^ is a Banach i?-yl-bimodule and E^ is a Banach A-B-bimodule and the bracket (, ) : Xx 
E> — > i3 is A-balanced (which means that for all x G X the map {■,)x'- E^ x E^ Bx is Ax- 
balanced). 
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There is an obvious notion of a homomorphism with coefficient maps between Banach A-B-pairs. 

Using the definition of the balanced tensor product of fields of Banach modules we can define the 
balanced tensor product of fields of Banach pairs. Similarly, we can define the pushout of fields of 
Banach pairs along continuous fields of homomorphisms between u.s.c. fields of Banach algebras. It 
has the usual functorial properties. 

2.6 Locally compact operators 

Let B be a u.s.c. field of Banach algebras over the locally compact Hausdorff space X. We now 
recall a concept from IILaf06l which we call "locally compact operator" between S-pairs. It is com- 
plemented by the notion of a "compact operator", the difference being that compact operators are 
fields that vanish at infinity and can hence be approximated globally by finite rank operators, whereas 
locally compact operators are only locally bounded fields of operators which can nevertheless be ap- 
proximated locally by finite rank operators (or by compact operators). Both notions can (and will) be 
used in the definition of KK*^^"^ for groupoids. 

Definition 2.7 (Rank one operator). Let E and F be Banach i?-pairs. Then we define for all ^< G 
r {X,E<) and all ri> G r(X, F>) the continuous field of operators |??>>(C<| := (k^)(C^L)^gx ^ 

for all X G X. 

If and 7]^ are bounded, then is bounded by ||^^ || If and t]^ vanish at infinity, 

then so does | ) (■C^ | ■ 

Definition 2.8 (Locally compact operator). Let E and F be Banach i? -pairs. A continuous field 
T of i3-linear operators is called locally compact if, for all x ^ X and all e > 0, there is an open 
neighbourhood [/ of x, an n G N and , . . . , ^< G r(X, £'<) and r/f, . . . , G T{X, F>) such that 
||T„ — Y17=i II < e for all n G U. The space of all locally compact operators from E 

to F is denoted by K*|^(£;, F). 

In other words: If denotes the linear span of the operators of the form |^^)('?^|. with G 
r{X, E<) and r]> G T{X, F>), in the space L'^''(£;, F), then K'^''(^, F) is the space of all operators 
that are locally approximable by elements of JF. 

Lemma 2.9. Let E, F and G be Banach B-pairs. Then l}%''{F, G) o l^^^'iE, F) C l^^^'iE, G) and 
K'^^(F, G) o L'^-(i?, F) C 1^--{E, G). 

Example 2.10. Let i? be a non-degenerate u.s.c. field of Banach algebras over X. Then T{X, B) acts 
by locally compact operators on the Banach i?-pair {B, B). 

2.7 Compact operators 

Let Bhe. a u.s.c. field of Banach algebras over the locally compact Hausdorff space X and let E and 
F be Banach i?-pairs. 

"^V. Lafforgue calls such operators "compact partout" in ILaf06l . 



14 



Definition 2.11 (Compact operators). A continuous field T of B-Unear operators from £^ to F is 
called compact if, for all e > 0, there is an n G N and , ■ ■ ■ , ^ ^o{^: -^^) r/f , . . . , r/^ G 
ro(X,F>) such that 



i=l 



sup 



i=l 



< e. 



The compact operators from £^ to F are denoted by Kb{E, F). 

Note that the sections are taken to be vanishing at infinity. This means that, if T is compact, then 

(llT'xIDxex is also vanishing at infinity. It follows that Kb{E, F) C Lb(F, F) and Kb{E, F) is the 
closed hnear span in Lb{E, F) of all operators of the form |??^)(^"^ |- In particular, Kb{E, F) is a 
Banach space. 

We will now justify the choice of the name "locally compact operator": 

Proposition 2.12 (Characterisation of locally compact operators). Let T be a continuous field of B- 
linear operators from E to F. Then the following are equivalent: 

1. T is locally compact. 

2. For all compact subsets K of X and all e > 0, there is an n G N and • • • > £ ^{^i E^) 
andri>, . . . ,r/> G r{X,F>) such that \\Tk - J27=i l^T {k)\\\ < eforall k e K. 

3. For all X E X and all e > 0, there is an open neighbourhood U of x and a compact operator 
S G Kb(F, F) such that ||r„ - Su\\ < efor all uEU. 

4. For all compact subsets K C X and all e > 0, there is an operator S G Kb{E, F) such that 
\\Tk-Sk\\ < efor alike K. 

5. For all G Cc{X), the field ipT is compact. 

Proof. Assume that 1. holds. Let K Q Xhen compact subset. Let e > 0. For all x e X, find Ux, n^, 
^xi^ • • • ' ^x,nj, ^ ^i-^: ^nd ?7^j^, . . . , r]^^n^ G T[X, F^) as in the definition of local compactness 
for T. Then {Ux '■ x G K} is an open cover of K so we can find a finite subset Aof K such that 
K C U^g^ Ua. Find a partition of unity {Xa)aeA on K subordinate to the cover {Ua)aeA- Then for 
all keK: 

I \ / 

r.-5;Xa(fc)^|r?>(A;))(e< W <s. 

aeA i=l 

This shows 1. =^2.. 

The same argument shows 3.^4.. Since X is locally compact, the implications 2. ^ 1. and 4. =^ 
3. are trivial. Moreover, it is clear that 4. implies 2. and 3. imphes 1.. Cutting down the sections used 
in the approximation in 2. easily shows 2. =^ 4.. So the first four conditions are mutually equivalent. 
It is straightforward to show 4. <^ 5. (note that if 5 is compact, then (pS is also compact for all 

^ G Cc{X)). □ 



Proposition 2.13. Let E and F be Banach B-pairs and let T: E F be a continuous field of 
operators. Then T is compact if and only ifT is locally compact and x i-^ \\Tx\\ vanishes at infinity. 
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Proof. Let T be compact. It is clear from the definitions that T is locally compact. Moreover, we 
have already noted that x i— > \\Tx\\ vanishes at infinity. 

Conversely, let T be locally compact and let x i-^ ||T^|| vanish at infinity. Let e > 0. Find a 
compact set K C X such that ||r^|| < e for all x ^ K. Find a function x ^ Cc{X) such that 
< X < 1 and X = 1 on Find a compact operator S G ¥^b{E, F) such that ||T/ — Si\\ < e for 
all / G suppx (using the above characterisation of local compactness). Then also \\Ti — {(pS)i\\ < e 
for all / G supp(/9 and Tx = {y:'S)x = for all x ^ suppi^. Hence \\T — ipS\\ < e. So T can be 
approximated by compact operators and is therefore compact. □ 

Lemma 2.14. Let Ei, E2 and be Banach B -pairs. Then we have Lb(£'2, -Es) o Kb{Ei, E2) C 
Kb(^i, ^3) and Kb{E2, E3) o Lb{Ei,E2) Q Kb(^i, ^3)- 

Proof. The composition of a compact operator and a bounded linear operator is locally compact and 
vanishes at infinity. Hence it is compact. One can also easily prove this by direct calculation. □ 

2.8 Operators of the form T O 1 

Definition 2.15. Let E and E' be Banach i?-pairs and F a Banach B-C-pair. For all operators 

T G L^B^'iE, E'), define T 1 e L^g"" {E (^b F, E' ®b F) as {1®T<,T> ® 1). 

The assignment T 1— > T (g) 1 is linear and functorial, and if T is bounded, then ||T(8)1|| < ||T|[. The 
following proposition generalises Proposition 4.2 of BParOSII and is proved in UParOTbll . Proposition 
3.1.59. 

Proposition 2.16. Let E and E' be Banach B-pairs and F a Banach B-C-pair Assume that T{X, B) 
acts on F by locally compact operators, and call the action vr : T{X, B) — > K'°'^(F). Assume, more- 
over, that E or E' is non-degenerate. Then 

T G K*|^(E, E') ^ T(^le K^g'^ {E ®b F, E' ®b F) 

and 

T G Kb{E, E') =^ T ^ 1 e Kc {E ®B F, E' ^B F) . 

There is a variant of this proposition for the pushforward: 

Proposition 2.17. Let B' be another u.s.c. field of Banach algebras and ifj: B ^ B' a continuous 
field of homomorphisms. Let E and F be Banach B-pairs. For all operators T G K'^'^(-E, F), the 
operator il^t:{T) = T ® 1 is contained in K*"^ (^*(£'), 'i/j^,{F)) (and the same is true for compact 
operators instead of locally compact operators). 

2.9 The puUback 

The pullback construction that we recall and detail here is an important technical tool which is used 
for the definition of groupoids actions on Banach spaces and Banach algebras. 

In this section, let X and Y be locally compact Hausdorff spaces and let p : Y Xhe continuous. 
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2.9.1 The pullback of fields of Banach spaces and Banach algebras 

Definition 2.18 (The pullback). ULet E he a u.s.c. field of Banach spaces over X. Then we define 
a u.s.c. field p*{E) = p*E of Banach spaces over Y as follows: The underlying family of Banach 
spaces is {Ep(^y-^ )y^Y and the set of sections is the subset of Hyey ^p{y) elements which are locally 
approximable by elements of o p : ^ g r(X, E)}. 

If E and F are u.s.c. fields of Banach spaces over X and T is a continuous field of linear maps from 
E to F, then we define 

p*iT)y := Tp^y) E L (Ep^y), Fp^^y)) 

for all y e Y. Then p*{T) = p*T is a continuous field of linear maps from p*{E) to p*{F). If T is 
bounded, then so is p*T with ||p*T|| < ||T||. The assignment T i— > p*T is a functor from the category 
of fields of Banach spaces over X to the category of fields of Banach spaces over Y. 

If E and F are u.s.c. fields of Banach spaces over X, then the internal product p*{E) Xy p*{F) 
and p* {E xx F) are identical. 

If E, F, G are u.s.c. fields of Banach spaces over X and if /i is a continuous field of bilinear maps 
from E Xx F to G, then the family p*{fi) := {fj,p(^y-^)y^Y is a continuous field of bilinear maps from 
p*{E) Xy p*{F) = p*{E Xx F) to p*{G). If /i is bounded, then so is p* ^ with ||p*/i|| < ||/i||, and 
if n is non-degenerate (i.e., the image of ^y spans a dense subset of Gy for all y G F), then p*jjL is 
non-degenerate as well. 

Note that the pullback of fields is compatible with the tensor product. Moreover, the pullback 
respects all kind of associativity of bilinear maps. Therefore we can pull back algebras and modules 
and obtain algebras and modules again: 

Definition 2.19 (The pullback of a field of Banach algebras). Let ^ be a field of Banach algebras over 
X with multiplication /x. Then we equip p* A with the multiplication p* jjL to give a field of Banach 
algebras over Y . If A is non-degenerate, then p* A is non-degenerate as well. 

Let A and B be fields of Banach algebras over X and Lp: A ^ B & homomorphism. Then p*Lp is 
a homomorphism of fields of Banach algebras from p* A to p*B, and this defines a functor from the 
category of fields of Banach algebras over X to those over Y. 

Similar constructions can be done for Banach modules: if is a left Banach j4-module then 
p*E I?, n left Banach p*A-module in an obvious way. The pullback of non-degenerate modules will 
then be non-degenerate, the pullback of balanced bilinear maps will be balanced, and the pullback 
of a balanced tensor product will be a balanced tensor product over the pulled-back Banach algebra. 
Moreover, the pullback commutes with the direct image of Banach modules. 

2.9.2 The pullback of fields of Banach pairs 

Let i? be a field of Banach algebras over X. 

Definition 2.20 (The pullback of a field of Banach pairs). Let E = {E^,E^) be a Banach i?-pair. 
Then p*E := {p*{E^), p*{E^)) is a Banach p*B -pair when equipped with the obvious bracket. 

This defines a functor from the category of Banach S-pairs to the category of Banach p*i?-pairs, 
linear and contractive on the spaces of linear operators. As for Banach modules, the pullback of 
a homomorphism is a homomorphism and the pullback commutes with the tensor product and the 
direct image. 

^See ILaf06l , page 3. 
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We now study how the puUback and locally compact operators are related (considering that the 
norm of compact operators vanishes at infinity, it is quite obvious that the puUback of a compact 
operator need not be compact). 

Lemma 2.21. Let E and F be Banach B-pairs. If rf G T{X, F>) and ^< G T{X, E<), then 

(p*k>>(e<|), = k>(p(y))>(e<(p(y))| 

for all y gY. 

Proposition 2.22. Let E and F be Banach B-pairs and let T G l}'^{E^ F). IfT is locally compact, 
then so is p*T: p*E p*F. Conversely, every operator T G K^"**^^ {p*E, p*F) can be locally 
approximated by operators of the form p*T with T G K'§'^(£', F). 

Proof. Let T be locally compact. Let yo ^ Y. Let e > 0. Find a neighbourhood U of xq := p{yo) in 
X and n G N and . . . , ^< G T{X, E<),ri>,..., ri> G T{X, F>) such that 



i=l 



< £ 



for all u G U. Let V := p^^{U). Then 1/ is a neighbourhood of in Y . For alH G {1, . . . , n}, the 
sections £,f o p and -qf o p belong to T (y, p* E'^ ) and T{Y,p* F^), respectively. Let v gV and define 
u := p{v) G U. Then 



p*{T),-Y.\^np{^)Wf{pm 



i=l 



Tu-Y.H{n)m{u)\ 



i=l 



< e. 



Hence p* (T) is locally compact. 

Now let f G K^p.'ij {p*E, p*F). Without loss of generahty we can assume that T is of the 
form |r?>)(|<| with f/> G T{Y,p*F>) and |< G T{Y,p*E<). Let y^ G Y and e > 0. Find a 
neighbourhood Vr/ of yo in Y such that fj^ is bounded on by some constant > 0. Find an 
analogous neighbourhood for ^< and a constant > 0. Find a neighbourhood V contained 
in n and r/> G T{X,F>), ^< G r(X,E<) such that \\fi>{v) - r]>{p{v))\\ < e/(3C^) and 
\\i<{v) -^<{p{v))\\ < e/(3Q) and Wv^ (v) - r]>lp{v))\\ U< (v) - C< {p{v))\\ < e/3forallt; G V. 
Then 



\eiv)){i^iv)\ - |r?>(pW)>(e<(pW)| 



< 



for all V €V. 



□ 



3 KK-theory for Banach algebras and groupoids 

In this section, we recall the basics of ^-equivariant KK^'^'^-theory as introduced in IILaf06i . where Q 
is a locally compact Hausdorff groupoid with unit space X. We proceed in a systematic fashion using 
the language that we have introduced above. In addition, we briefly discuss a sufficient condition 
for homotopy of KKg^'^-cycles and a consequence of it, the Morita invariance of KK[i^'"-theory m 
the second component; these results are in complete analogy to the corresponding results for groups 
instead of groupoids which can be found in llParOSII . 
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3.1 Q -Banach spaces 

Definition 3.1 (^-Banach space). A ^-Banach space is a u.s.c. field E of Banach spaces over Q^^^ 
together with an isometric isomorphism a : s*E r*E such that 

1. V5Ga(°) : ag = ldEi, 

2. V(7, G Q * G : OjoY = o ay; 

3. V7 e ^ : a^-i = a~^. 

The Axioms 1. and 3. follow from Axiom 2. They are just stated to give a clearer impression of what 
a ^-Banach space is. For notational convenience, we also write 76 for ay{e) if 7 G and e G Eg^^^y 

Example 3.2. If we regard the locally compact space X as a groupoid with unit space X, then every 
u.s.c. field of Banach spaces over X is, canonically, an X-Banach space (and every X-Banach space 
is, trivially, a u.s.c. field over X). 

Definition 3.3 (^-equivariant fields of finear maps). Let E and F be ^-Banach spaces with actions a 
and P, respectively. A Q-equivariant continuous field of linear maps from E to F is a continuous field 
{Tx)xex of linear maps from Eto F such that the following diagram commutes 



s*T 




r*E > r*F 

This means that o = /3y o Tg(^^-^ for all 7 G ^. 

Definition 3.4 (The product and the sum of ^-Banach spaces). Let E and F be ^-Banach spaces with 
actions a and /?, respectively. Then r*{E Xx F) = r*E Xg r*F and s*{E Xx F) = s*E Xg s*F. 
We hence get a continuous field of isomorphisms a Xg (3: s*{E Xx F) r*{E xx F). It is an 
action onExxF which we call the product action of a and (3. Similarly, we define an action a®g f3 

on E ®x F. 

Definition 3.5 (Equivariant bilinear maps between ^-Banach spaces). Let Ei, E2 and F be ^-Banach 
spaces with ^-actions ai, 012 and (3, respectively. Let ijl: Ei xx E2 ^ F he a continuous field of 
bifinear maps. Then n is called Q-equivariant if the following diagram commutes 

s*{E,XxE2) '-^^^!^s*{F) 



r*{EiXxE2) ':l^!^r*{F) 

This means that 7/^5 (^) (61,62) = fJ,r{j) (761, 762)forall7 G Qaadei G (£^i)5(^) and 62 G (£^2)5(7)- 

Definition 3.6 (The tensor product of ^-Banach spaces). Let E and F be ^-Banach spaces with 
actions a and (3, respectively. Then we can form the tensor product E ®x F of the continuous fields 
of Banach spaces E and F. Now 

s* {E (8)x F) = s*{E) ®g s*{F) and r* {E ®x F) = r*{E) ®g r*{F). 

Now a (8) /3 is a continuous field of isometric isomorphisms from s*{E) ®g s*{F) to r*{E) ®g r*{F). 
This induces on E (8)x F the structure of a ^-Banach spaces. 
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Note that E F has the universal property for ^-equivariant continuous fields of bilinear maps. 

Definition 3.7 (The trivial C/-Banach space). Let Cx denote the constant field of Banach spaces over 
X with fibre C. Note that s*{Cx) = Cg = r*{Cx)- So Cx is a ^-Banach space if we take (Idc)^gg 
as the action of Q. 



3.2 ^-Banach algebras, ^-Banach modules and ^-Banach pairs 

Definition 3.8 (t/-Banach algebra). A C/-Banach algebra ^4 is a u.s.c. field A of Banach algebras 
over G^'^^ together with a continuous field of isometric Banach algebra isomorphisms between the 
continuous fields of Banach algebras s*A and r*A which makes A a ^-Banach space. 

If A and B are ^-Banach algebras, then a ^-equivariant homomorphism from Ato B is, by definition, 
a homomorphism of fields of Banach algebras over G^'^'' which is at the same time a ^-equivariant 
continuous field of linear maps. 

For the rest of this paragraph, let i? be a ^/-Banach algebra with ^-action a: s*B — > r*B. 

Definition 3.9 (C/-Banach module). A right ^/-Banach B-module E is a. right Banach module E 
over the u.s.c. field B of Banach algebras over G^'^^ together with a continuous field of isometric 
isomorphisms : s*E — > r*E with coefficient map a between the Banach s*i?-module s*E and 
the Banach r*i?-module r*E which makes E a ^-Banach space. 

Analogously, one defines left ^-Banach modules and ^-Banach bimodules. There is an obvious 
definition of ^-equivariant homomorphisms with coefficient maps between ^/-Banach modules and 
(/-Banach bimodules. The balanced tensor product of ^-Banach modules is defined analogously to 
the tensor product of ^-Banach spaces, using that the balanced tensor product commutes with the 
pullback along r and s. Similarly, the pushout along a continuous equivariant field of homomorphisms 
of Banach algebras is defined. 

Definition 3.10 (^-Banach B-pair). A (/-Banach B-pair E is a Banach S-pair E = {E^,E^) to- 
gether with an isometric isomorphisms : s*E — > r*E with coefficient map a between the Banach 
s*i?-pair s*E and the Banach r*i3-pair r*E which makes and E^ into (/-Banach spaces. 

There is a more familiar but less systematic way to express what a ^-Banach i?-pair is: Assume that 
£^ is a Banach i?-pair. Then one can first turn the s*i?-pair s*E into an r*i?-pair by the use of the iso- 
morphism s*B = r*B which defines the (/-action on B. Then the above isometric isomorphism 
defining a (/-action on E can be interpreted as an element of Lr*B{s*E, r*E); to turn the concurrent 
homomorphism into an operator you have to invert the left-hand part, i.e., you have to substitute 
aE = (a^, a^) with Ve := ((a^)~^, a^). Then this operator Ve is invertible and isometric. In the 
case of Hilbert modules considered by Le Gall in IILG991 this operator Ve is the unitary defining the 
groupoid action. 

Although the operator notation is less systematic, we will use it for notational convenience and 
assume that ^-actions on Banach i?-pairs E are given by "unitaries" Ve- 

As above, one defines ^-equivariant homomorphisms with coefficient maps. The definitions of 
the balanced equivariant tensor product of ^-Banach pairs and the definition and properties of the 
pushout are straightforward. 

If is a ^-Banach A-B-pair, then the action of Aon E regarded as a homomorphism from A to 
Lb{E), is ^-equivariant in the following sense: 
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Lemma 3.11. Let E be a Q-Banach A-B-pair with A and B being Q-Banach algebras. Let a € 
T{g,s*A). Then 

Ve o 'Ks*A{a) o V^^ = 'Kr*A (a^^ o a) 

where 'Ks*A cmd iir'A o.re the actions of s*A on s*E and r*A on r*E (regarded as homomorphisms 
into the linear operators) and is the action ofQ on A. 

3.3 KK-theory for ^-Banach algebras 
3.3.1 KK[i'^'^-cycles 

Let Ehe. sl C/-Banach space. Then a grading automorphism ge of is a C/-equivariant contractive 
continuous field of linear maps from E to E sucii that al^ = Id^;. A C/-Banach space endowed 
with a grading automorphism is called a graded Q-Banach space (compare the graded formalism of 
IIKas80ll ). 

Just as for gradings of ordinary Banach spaces or Banach spaces with group actions we can define 
the notions of graded ( =even) and odd ^-equi variant continuous fields of linear maps between graded 
(/-Banach spaces, graded ^-Banach algebras, graded ^-Banach modules and graded (/-Banach pairs. 
All the above constructions are compatible with this additional structure, e.g., the tensor product. 

We will usually assume that our Banach algebras are trivially graded, but gradings are nevertheless 
important for the definition of KK^'^^-cycles. 

For the rest of this paragraph, let A and B be (trivially graded) (/-Banach algebras. 

Recall from Section 1241 that a Banach S-module E is called non-degenerate if E^B^ is dense in 

E^fov?i\\xe g^^h 

Definition 3.12 (KK|i'"''-cycle). A KK^^'^-cycle from ^ to S is a pair [E, T) such that E is a non- 
degenerate graded ^-y4-i?-bimodule and T is an odd element of IjBiE) such that 

[7rA(a),r] , TTAia) (Id -T^) G K'r(£;) 

for all a G T{X, A) and 

7r(a) {Ve o s*T o V^^ - r*T) G K'°4 {r*E) 

for all a G T{Q,r*A), where Ve G Lr*B{s*E,r*E) denotes the "unitary" operator defining the 
action of G on E. We write E^^°(A, B) for the class of all KK^'"" -cycles from A to B. 

In this definition, we have used locally compact operators. Because the underlying space X is locally 
compact Hausdorff, we can actually use compact operators instead. More precisely, we have the 
following characterisation of KK^'^" -cycles: 

Proposition 3.13. A pair (E, T) such that E is a non-degenerate graded Q-A-B-bimodule and T is 
an odd element ofLsiE) is an element of'Eg^'^{A, B) if and only if 

[TTA{a),T] , TiA{a) (Id-r2) G Kb{E) 

for all a G Tq[X, A) and 

7r(o) [Ve o s*T o V^^ - r*T) G Kr^B {r*E) 

for all a G To {Q, r*A). 
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Proof. If {E,T) is a KK'^^'^-cycle, then we know that [7rA(a),T] is locally compact for all a G 
r{X, A). In particular, this is true if a € Tq{X, A). Since T is bounded and x h->- ||7rA(a)2, || vanishes 
at infinity, also x \—>- [iTA{a),T]^ vanishes at infinity. So [7r^(a),T] is compact by Proposition 12. 131 
The same argument works for the other operators which have to be shown to be compact. 

For the other direction use 5. of Proposition 12. 121 □ 

If (-El, Ti) and (^2, ^2) are elements of E^^'^(^, B), then we define the direct sum of cycles {Ei , Ti )© 
(£'2,r2) := {EieE2,Ti(BT2) € E^^'^(^,5). And if {E,T) is in E^''''{A,B), then we define 
— {E, T) to be {E, T), but equipped with the opposite grading. This is also an element of Eg^'^(^, B). 

Using the facts that the pushout of locally compact operators is again locally compact and that 
the pullback commutes with the pushout, we can define the pushout for cycles: Let B' be another 
^-Banach algebra and t/j: B B' a. ^-equivariant homomorphism from B to B'. Let {E, T) be an 
element of E^^'^(A, B). Then the pushout il)^{E, T) of {E, T) along ?/; is defined as T ® 1). 

It is contained in E^''''(A, B'). 

3.3.2 Morphisms between KKg'^'^ -cycles 

Let A, A' and B, B' be ^-Banach algebras. Let ip: A A' and tp: B B' be ^-equivariant 
homomorphisms. 

Definition 3.14 (Morphism between KK|i^''-cycles). Let {E, T) and {E' , T') be elements of E[i^'"(^, B) 

and Eg^'^(yl', B'), respectively. Then a morphism from [E^ T) to {E' , T') with coefficient maps if and 
1I: is a pair $ = ($<, <!>>) such that 

• (<I>^, is an equiv. homomorphism of graded Banach pairs with coefficient maps and ijj; 

• we have 

T'< o = o r< and T'> o = o r>. 

The class Eg'^'^(^, B), together with the morphisms of cycles (with Id^ and Ids as coefficient maps), 
forms a category. This gives us an obvious notion of isomorphic KK^^^ -cycles in ¥}g^^{A^ B). Just 
as for ordinary KK^'^'^-cycles, the sum of cycles is associative and the pushout is functorial up to 
isomorphism. 

3.3.3 The a-Banach algebra 5 [0,1] 

Definition 3.15 (The ^-Banach space £'[0, 1]). Let be a ^-Banach space with C/-action a: s*E 
r*E. Then we define the ^-Banach space E[0, 1] by the following data: 

1. the underlying family of Banach spaces is {Ex[0, 

2. a section ^ of E[0, 1] is continuous if and only if {x,t) 1— > is a continuous section in 
pI{E), where pi: X x [0,1] X denotes the projection onto the first component; 

3. the action a[0, 1] : s*{E[0, 1]) r*{E[0, 1]) is defined by 

E[0, = £,(^)[0, 1] 9 ^ (i ^ «7(C7(*))) e £.(^)[0, 1]. 

For all t € [0, 1], define the continuous family of linear contractions ev^ : i?[0, 1] E given by 
(evt)^ : E^[0, 1] ^ E^, ^ Ut) for all xGX. 
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Proposition 3.16. If B is a Q-Banach algebra, then -B[0, 1] is a Q-Banach algebra as well (when 
equipped with the obvious multiplication). For every t G [0,1], the field ev^ : i?[0, 1] — s- B is a 
continuous field of homomorphisms in this case. Similar statements hold for Banach modules and 
pairs. 

Note that (evj^^, E)^ = {evt)x,*Ex for all t e [0, 1] and x G X and all ^-Banach i?[0, l]-pairs E. 

3.3.4 Homotopies between KK^'^'^-cycles 
Let A, B be ^-Banach algebras. 

Definition 3.17 (Homotopies). A homotopy between cycles {Eq,Tq) and Ti) in ¥}g-^{A, B) is 
a cycle {E, T) in E[i'^"(^, 5[0, 1]) such that evo,*(-E, T) is isomorphic to (^^o, Tq) and evi,*(S, T) 
is isomorphic to {Ei,Ti). If such a homotopy exists, then (£^0)^o) and {Ei,Ti) are called homo- 
topic. We will denote by the equivalence relation on Eg^'^(^, i3[0, 1]) generated by homotopy. The 
equivalence classes for are called homotopy classes. 

Definition and Proposition 3.18 {KK^^''{A, B)). The class of all homotopy classes in E^^°(A, B) 
is denoted by KKg^'^(A, B). The addition of cycles induces a law of composition on KKg^'^(A, B) 
making it an abelian group (at least if we restrict the cardinality of dense subsets of the involved 
Banach modules by some cardinality to obtain a set KKg'^°(^,i?) rather than just a class). The 
assignment {A,B) ^ KKg^'^(A, is functorial in both variables with respect to t/-equivariant 
continuous fields of homomorphisms of Banach algebras. 

The fact that KK|i^'^(^,B) has inverses should be proved by adjusting Lemme 1.2.5 in fLaf02l to 
the situation of ^-Banach algebras. The above definition is part of Definition-Proposition 1.2.6 in 
llLafD6]l . 

The following Lemma suggests itself as a generalisation of Lemme 1.2.3 in IILaf02ll : a proof can 
be found in MParOTbl . Lemma 3.5.11. 

Lemma 3.19. Let {E,T) G E[i^'"(yl,5) and assume that T' G L(£') is odd bounded operator such 
that a{T - T'), (T - T')a G K'^^(^)/or all a G r(X, A). Then (E, T') G E[i'^'^(A, B) and there is 
a homotopy from (E, T) to {E, T'). 

3.3.5 A sufficient condition for iiomotopy 

As mentioned in MParOSII and proved in fParOVbl, Section 3.7, there is a sufficient condition for the 
homotopy of KKg*^" -cycles, the basic idea being the following: If there is a homomorphism between 
two cycles, then under certain conditions the mapping cylinder of this homomorphism is a homotopy 
between the cycles. We formulate these conditions here and refer the reader to IIPar07bll for the proofs. 

Let B —f B' he a continuous field of homomorphisms between u.s.c. fields of Banach algebras 
over X. Let $^ : Eb — > E'^, and "^.^ : Fb — > F'^, be contractive continuous fields of concurrent 
homomorphisms with coefficient map ij) between u.s.c. fields of Banach pairs over X. 

• The Banach space L^(<I>, of "bounded linear operators" from <I>^ to ^'^ is defined to be the 
set of pairs (T, T') such that T G Ijb{E, F), T' G Ijb'{E',F') satisfying 

o r> = r'> o and r'< o = or<. 
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The Banach space K^(^>, ^) is the space of pairs {T, T') G Lb(E', F) x Ijb'{E', F') such that 
for all e > there is an n G N, ^f, . . . , C< E ro(X, and ??>,..., r/> G Tq{X, F>) such 
that 



T.-Y.H{x)){i<{x)\ 



i=l 



< e and 



i=l 



for all xeX. Note that K^(^>, C L^($, 'f). 
Now we are ready to formulate the sufficient condition: 

Theorem 3.20. Let A and B be Q -Banach algebras. Let {E, T), {E',T') be elements o/E^''"(^, B). 
If there is a morphism ^ from {E, T) to {E' , T') (with coefficient maps Id^ and Ids) such that 

L ^aeTo{X,A): [a,{T,T')] = {[a,T], [a, T']) G Km^ 

2. Va G To {X, A) : a((T, T'f - 1) = (a(T^ - 1), a{T'^ - 1)) G Km^ (a>, $), 

Va G To {Q,r*A) : a (^(^qL(^.-'')s*T, aL(s',F')s*r') - (r*T,r*T')) G Km^.^ (r*$, r*$), 
then {E,T) ~ (^',r'). 

3.3.6 Morita cycles 

Let A, B and C be non-degenerate ^-Banach algebras. 

A Q-equivariant Morita equivalence between A and B is a pair (^bE"^, aE^) of C/-Banach bi- 
modules endowed with an equivariant continuous field of bilinear maps (•, •)b : E^ x B and 

an equivariant continuous field of bilinear maps a{-,')- E^ x E^ —>■ A such that for all x G X the 
pair {E^, E^) with the brackets (■, ■)b,x and a{-, ■)x is a Morita equivalence between A^ and B^, 
compare llParOSII . Definition 5.1. This notion of Morita equivalence is an equivalence relation on the 
class of non-degenerate ^/-Banach algebras. 

Morita equivalences are special cases of what is called a Morita cycle: A Q-equivariant Morita 
cycle F from A to is a non-degenerate ^-Banach A-i?-pair F such that Tq{X, A) acts on F by com- 
pact operators, i.e., if tta : Tq{X, A) Lb(F) is the action of To{X, A) on F, then 7rA(r(X, A)) C 
Kb(F). The class of all Morita cycles from A to S is denoted by M^'^'^{A, B). Note that the ele- 
ments of 'M}g^'^{A, B) are elements of Eg'^'^(A, B) with trivial operator and trivial gradings, and we 
also have a canonical homotopy relation on Mg'^"(j4, B). The quotient after this relation is called 
Morg'^'^(j4, B). One can show that there is an action 



®B- KK[i^°(y4,S) X Moif \B,C) KKf'\A,C) 



ban / 



which is given on the level of cycles by the simple formula {E,T) ®b E := (E 0b E,T ® 1) 
if {E,T) G E^''''{A,B) and F G M^'^°(5,C); note that we can formulate this definition without 
having a Banach algebras substitute of Kasparov's Technical Theorem. 
As a consequence, we have: 



Theorem 3.21. Let E be a Q-equivariant Morita equivalence between B and C. Then 
isomorphism fi-om KK^^'^(^, B) to KK^^'^(^, C). 

See IIPar07bll for the details. 



i B [E] is an 
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4 Induction 



In this section, we show that KK is functorial with respect to generalised morphisms. To do this, 
we use that every generalised morphism can be written as a product of a special kind of equivalence 
and of a strict morphism (see Proposition ll.lOl ). We hence first show the functoriality under strict mor- 
phisms, then under the this special kind of equivalences, and in Paragraph 4.3 we combine these two 
constructions. This idea appeared in the C*-algebraic setting in IILG99L and the basic constructions 
evolved from IIRie74l ,Rie76. .RenSO. .MRW87 1 to name but a few. 

4.1 The puUback along strict morphisms 

Let Q and H be locally compact Hausdorff groupoids and let / : 7i ^ Qhe a strict morphism. 

4.1.1 The puUback of ^-Banach spaces along strict morphisms 

Let E be an ^-Banach space with action a. Write /o for /|^(o) : H^^'' g^'^\ Then f^{E) is a 
u.s.c. field of Banach spaces over TY^^). Now sg o f = /q o s-j-c and rg o f = /q o r-j-^, so 

s*Mm = ifo o snTiE) = {sg o fYiE) = ns*g{E)) 

and similarly for the range maps. So f*{a) is a continuous field of isometric isomorphisms from 
s^ifoiE)) to r^{f^{E)). It is an action of H. The 'H-Banach space f^{E) with the action f*{a) is 
called the puUback of E along f and is denoted by f*{E). The puUback commutes with the tensor 
product: Let F be another ^-Banach space. Then/* {E (g)g;(o) F) = f*iE)(^^(o) f*{F) asT^-Banach 
spaces. 

The pullback also preserves equivariance, more precisely: If T G l}°'^{E,F) is ^-equivariant, 
then f*T G j}°^{f*E, f*F) is "H-equivariant. An analogous statement is true for equivariant bilinear 
maps. 

The pullback along / is a functor from the category of ^-Banach spaces to the category of Tl- 
Banach spaces, linear and contractive on the sets of bounded continuous fields of linear maps, and 
sending equivariant continuous fields of linear maps to equivariant continuous fields. 

The assignment / i— > /* has the expected functorial properties: Let /C be another topological 
groupoid and let g: JC —>■ be a strict morphism. Then (/ o g)* = g* o f* as functors from 
the category of ^/-Banach spaces to the category of /C-Banach spaces. Secondly, Idg is the identity 
functor of the category of C/-Banach spaces. 

4.1.2 The pullback of ^-Banach algebras etc. along strict morphisms 

Let S be a ^-Banach algebra. Then f*B is an H-Banach algebra. Also, the pullback along / of a 
^-equivariant homomorphism of Banach algebras is a "H-equivariant homomorphism. 

If is a ^-Banach i?-module, then f*E is an 7Y-Banach /*i?-module in an obvious way. The 
situation is similar for ^-Banach bimodules. The pullback along / of a C/ -equivariant linear operator 
or of a -equivariant homomorphism with coefficient maps is an 7Y-equi variant linear operator or an 
7Y-equi variant homomorphism with coefficient maps, respectively. 

The pullback along / respects balanced equivariant bilinear maps and balanced tensor products of 
equivariant Banach modules. 

The functor /* on Banach modules induces a functor /* from the category of ^-Banach i?-pairs 
to the category of W-Banach /*(i?)-pairs. It sends a ^-Banach S-pair E = E>) to the TC- 

Banach /*S-pair f*{E) = {f*{E<), f*{E>)). The "unitary" operator Vf*E defining the action 
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of H on f*E is given by /*Ve. A (^-equivariant) S-Iinear operator T = {T'^,T>) is sent to the 
(H-equivariant) /*(5)-linear operator f*{T) = {f*{T<), f*{T>)). 

One proceeds similarly for t/-Banach A-B-pairs and homomorphisms with coefficient maps. The 
functor respects the tensor product of Banach pairs. Also the pushout of Banach pairs is preserved: 

Proposition 4.1. Let B be a Q-Banach algebra and E a Q-Banach B-pair. Let B' be another Q- 
Banach algebra and let B ^ B' be a Q-equivariant homomorphism. Then 

as Ti-Banach f * [B') -pairs. 

4.1.3 The puUback of KK^'^'^-cycles along strict morphisms 

Let Q and Ti be topological groupoids over X and Y, respectively, and let f : H Q be a. strict 
morphism of topological groupoids. Let A and B he C/-Banach algebras. 

Proposition 4.2. Let {E, T) G E[i^'^(^, B). Then f*{E, T) := {f*E, f*T) is in E^'' {f*A, f*B). 

Proof. We already know that f*E is a non-degenerate 7-^-Banach f* A- f* B-pair. If aE is the grading 
automorphism of E, then f*aE = {f*a^, f*(y^) is a grading automorphism for f*E. The operator 
f*T is odd for this grading. Let a G r(X, A). Then a o / g T (F, f*A). Now Proposition Hil] says 
that the puUback of locally compact operators is again locally compact, so 

[vr(a o /), rr] = [/*(^(a)), fT] = f* k(a), T] G J^p^ {fE) . 

Now let b G r(y, f*A). Let e > and yo G Y. Then we can find an a G T{X,A) and a 
neighbourhood V of yo in Y such that ||T|| \\b{v) — a{f{v))\\ < e for all v ^ V . For all f G y, we 
have 

rT],-Kao/), rr]J| = ||[7r(6-ao/), rr]J| 

< IITII 116(7;) - a(/(^;))|| <e. 

So [7r(6), f*T] is locally approximable by locally compact operators, so it is itself locally compact. 
Analogously one shows that 7r(6) (id — /*T^) is locally compact. 

Now let a G r [Q, r*gA). Then a o / g T (7i, f*r*gA) = T {Ti, r^^/M); note that f*r*gA = 
r^f*A. Now 



vr(a o /) (Vf,E o isy*T) o Vf.], - ry*Tj 

rn{d) {(rVE) o (/*4T) o (/*igi) - rr*gT) 
r (vr(a) {VEo{s*gT)oVi'-r*gT)) 



As above, one can extend this to all 6 G T (H, r^f*A) (instead of a o /). 

So f*{E,T) eE'^'^if * A, f*B). □ 
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The puUback along / respects the direct sum of cycles, the pushout, and we have f*{B[0, 1]) = 
(f*B)[0, 1]. It follows that the puUback also respects homotopies. Hence we get the following theo- 
rem: 

Theorem 4.3. The puUback along the strict morphism f : T~i ^ Q induces a homomorphism 

f* : KK|i^° {A, B) KK^"" {f* A, f*B) . 
It is natural with respect to ^-equi variant homomorphisms in both variables. 

4.2 The functor pi 

We now analyse the second part of the functoriality with respect to generalised morphisms. Every 
generalised morphism can be expressed as the product of a strict morphism and an equivalence of the 
following type (see Proposition ! 1.101) : 

Let Y and X be locally compact Hausdorff spaces and let p: y ^ X be continuous, open, and 
surjective. Let ^ be a locally compact Hausdorff groupoid over X. We denote the canonical strict 
morphism from p*{Q) onto Q also by p. According to Proposition [LH the graph of p is an equivalence 
between and G- Also the category of p*(^)-Banach spaces and the category of ^-Banach spaces 
are equivalent, but here, we have to be more precise: 

The space X itself can be regarded as a groupoid over X, and we have 

p*{X) xxY. 

The isomorphism from p*{X) to Y Xx Y sends {y',x,y) to {y',y), where y,y' G Y, x £ X and 
p{y') = X = p{y). Note that p*{X) = y Xx ^ is contained as a closed subgroupoid in p*{G)- 

If is a u.s.c. field of Banach spaces over X, then p*{E) is not only a u.s.c. field of Banach 
spaces over Y, but also a y xx y -Banach space. As a consequence, a condition on the linear op- 
erators between p*(^)-Banach spaces which is natural in our context is y xx y-equivariance. Ev- 
ery continuous field of linear maps between -Banach spaces which is p*(C/)-equi variant is also 
y X X y-equivariant. In this section we show that the puUback functor p* implements the following 
one-to-one correspondences: 

1. ^-Banach spaces correspond to p*(^)-Banach spaces; 

2. continuous fields of linear maps between ^/-Banach spaces correspond to y xx y-equivariant 
continuous fields of linear maps between p*(^)-Banach spaces; 

3. ^-equivariant continuous fields of linear maps con^espond to p*(^)-equivariant fields of linear 
maps. 

We reach this goal by defining a functor p\ which inverts p* ; it points in the opposite direction, from 
the p*(^)-Banach spaces to the ^-Banach spaces. The functor p\ is obtained by "factoring out" the 
y Xx y-action on the given -Banach space. 

For technical reasons, WE ASSUME THAT THERE EXISTS A FAITHFUL CONTINUOUS FIELD OF 
MEASURES ON Y OVER X WITH COEFFICIENT MAP p. As discussed on page |9l this condition is 
equivalent to the condition that the locally compact Hausdorff groupoid Y XxY admits a left Haar 
system. Note that such a faithful continuous field of measures on Y (and hence a Haar system on 
Y XxY) exists if Y is second countablel^ In the situation we are interested in, the space Y is actually 

^This can bee deduced from Proposition 3.9 in IBla96l . 
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a graph Q from G into some other locally compact Hausdorff groupoid H. We have learned above 
that such an Q carries a canonical left Haar system if H carries a left Haar system, so the existence of 
a faithful continuous field of measures onY = Q will be automatic in this case. 

The proofs of the results of this section can be found in llParOTbl . most of them in Section 6.5. 



4.2.1 The functor p\ for p* (C/)-Banach spaces 

Let £' be a p*(^)-Banach space with action a; as Y xx Y is contained in p*{G), it also acts on E. 
We define a u.s.c. field of Banach spaces p\E over X as follows: For every x £ X, define 



\ ^'^y\&. ^y^y' ^ • G ^s/ A a(^y,^y) (cy) = ey>[ Q JJ Ey, 



where we take the sup-norm on rTj/ey^; Note that {p\E)x is a closed linear subspace of the product. 
Since a is a field of isometrics, it follows that the norm of a family {e-y)yeY:^ G {p\E)x equals the norm 
of each ey, y € y^; hence {p\E)x is isometrically isomorphic to Ey for each y GY^ (note that Y XxY 
acts freely on Y). 

To define the structure of a u.s.c. field of Banach spaces over X on {p\Ex)xex, we set 

A := Ae := |<5 G r (y, E) I y{y,y') eYxxY: a^y,^y) {6{y)) = 

In other words: A consists of those sections of E which are invariant under the action of y xx y. If 
6 £ A and x £ X, then define 

(p,5)(x) := i5iy))y^Y. G ip^E)x 

Now 

r := {pi6 : 5 G A} 

satisfies conditions (C1)-(C4), so {p\E, T) is a u.s.c. field of Banach spaces over X. 

There is an action p\a of Q on p\E. It has the (defining) property that for all 7 G t/, e = 

(ey)j/eK,{^) G {p\E)s(^), and y G Y.^^y. 

(4) {P\a)-y{e) = {a(^,^^^y)ey)z(^Y,^^y 

Now let E and F be p*(^)-Banach spaces. Let T be an y Xx y-equivariant continuous field of 
linear maps from E to F. Define for all x G X and e = {ey)yeYx G {p\E)x- 

{P\T)x (e) := {Tyey)y^y^ G (piF)^ . 

Then p\T is a continuous field of Unear maps from p\E to p\F. If T is bounded, then ||p!T|| = ||T||. 
If T is p*(^)-equivariant, then p\T is ^-equi variant. 

The maps E 1— > p\E and T ^ p\T define a functor from the category of p*(^)-Banach spaces 
with the bounded Y Xx y-equivariant continuous fields of linear maps to the category of ^-Banach 
spaces with the bounded continuous fields of linear operators, isometric and linear on the morphism 
sets and respecting the tensor product. 

Proposition 4.4. This functor p\ from the category of p* {Q)-Banach spaces to the category of Q- 
Banach spaces is an equivalence which inverts p*; more precisely: 
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1. Define for all p* {Q)-Banach spaces E and all y the linear map 

ly- {p*P\E)y = (p\E)p(^y) Ey, (e^)^gy^(^, ^ ey. 

Then 

I^:p*p\E ^ E 

is a natural p* [Q)-equivariant isometric isomorphism, compatible with the tensor product 
( = "multiplicative "). 

2. For all Q-Banach spaces E there is a natural multiplicative Q-equivariant isometric isomor- 
phism 

J^: pip*E ^ E. 

To define J^, let us analyse the action ofY Xx Y on p*E and the fibres of p\p*E: The action 
of Y X X Y is the pullback of the trivial action of X on E, so for all {z,y) (zY XxY we have 
p*{E)z = -E'p(2) = Ep(^y-^ = p*{E)y and a(^z,y) = I^Ep(y)- So if x € X, then the elements of 
{p\p*E)x are of the form (e)ygy^ with e £ Ex,' so it makes sense to define 

Jx- {P\P*E)x Ex, (e)j^gy^ ^ e. 
4.2.2 The functor p\ for Banach algebras, etc. 

The functor pi is multiplicative and contractive on the morphism sets. The multiplicativity gives 
us a way to define the functor also for equivariant fields of bilinear maps. We can therefore also 
define ^-Banach algebras p\A for -Banach algebras A and (/-equivariant homomorphisms p\ip 
for p*((/) -equivariant homomorphisms of Banach algebras. Similarly, we can define p\ for p*{G)- 
Banach modules and -equivariant homomorphisms of Banach modules. Moreover, if T is a 
Y Xx y-equivariant continuous field of linear operators between p*(^)-Banach modules Eb and 
Fb, then piT is a continuous field of linear operators between p\Ep,B and p\Fp,B (where B is some 
p*(^)-Banach algebra). All this culminates in the following definition: 

Definition 4.5. Let S be a p*(a)-Banach algebra and let E = {E<,E>) be a p*(^)-Banach B- 
pair. Then p\E = {piE^, p\E^) is a (/-Banach piB-pair. If F is another p*(^)-Banach i3-pair and 
T G L^s'^iE, F) is Y xx F-equivariant, then piT = {piT<, p\T>) is in j}°;%{p\E,p\F). 

This defines a functor form the category of p*(^)-Banach i?-pairs to the category of ^-Banach p\B- 
pairs. It inverts the functor p* and respects grading automorphisms. 

As a variant of Proposition |T22] one proves: 

Proposition 4.6. Let B be a p* {Q)-Banach algebra and let E and F be p*{Q)-Banach B-pairs. If 
T G ^^^''{E, F) is Y Xx Y -equivariant, then p\T G }^°%{p\E, p\F). 

It is obvious that the functor p\ is compatible with the direct sum of p*(^)-Banach spaces and of 
(/-Banach spaces and that the same is true for Banach modules and Banach pairs. Because p\ is also 
compatible with the (balanced) tensor product, we obtain: 

Proposition 4.7. Let B and C be p* {Q)-Banach algebras and letip:B^Cbea p* (Q) -equivariant 
homomorphism. Let E be a right p* [Q) -Banach B-module. Then piCy is isomorphic to Cx, P\C = 
P!(C©y Cy) is isomorphic top\C = p\C(Bx'Cx and, finally, p\Xip^{E)) = p\{E®j^C) is isomorphic 
to {p\'ip)^{p\E). 
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Moreover, p\ is also compatible with the construction of trivial fields over [0, 1] ; in particular, we have: 

Proposition 4.8. Let B be p*{Q)-Banach algebra. Then p\{B[{),l]) is isomorphic to {p\B)[Q,l]. 
The isomorphism in the fibre over x & X sends iPy)y£Y^ £ P\iB[0,l])x to t ^ {f^y{t))y&x £ 

4.2.3 The functor p\ and KK'^^°-cycles 

This section is a translation of Section 7.2 in IILG99 1 into the language of Banach algebras; in partic- 
ular, the method to make the operator of a KK^'^^-cycle equi variant is borrowed from Lemma 7.1 of 
that article. 

Let A and B be p*(^)-Banach algebras. Let v}^^^^^-^^ {A, B) be the class of those cycles 



{E,T) in EpJ^|^g^(A, B) such that T is y y-equivariant. In an obvious manner, we define 

KK^J^rr-^{A, B). 



Proposition 4.9. Let {E,T) G ^^^''^^^''''^ {A, B). Then 



pi{E,T) := {p,E, p^T) E {p^A, p^B) . 

Proof. Let a G T{X,p\A). Then we can find a a G TiY^A) which is invariant under the action of 
Y XxY such that p\a = a. Now 

[a,p^T] = \pid, p,T] = PI [a, T] G K^"^ (piE) 



where we have used Proposition 14.61 and the fact that the action of a on p\E is p\ of the action of 
d on E. Similarly, the other two conditions are checked (here we also use that Vp,E = P^Ye in an 
appropriate sense). □ 

Up to isomorphism of cycles, p\ inverts p* as a map from '¥}g-^{p\A, p\B) to ^^^^g^^^^ {A., B). And 
up to isomorphism, p\ commutes with the pushforward and the puUback of cycles. It also commutes 
with homotopies. We therefore get: 

Proposition 4.10. The map p\ defines an isomorphism 

p, : KK;;^;^^"-^ (A, B) - KK^- {p,A, p,B) , 

inverting p*. 

Now LET X BE cr-COMPACT. 

Lemma 4.11. Let{E,T) G IEj^('g)(^, B). Then there is an odd Y Xx Y -equivariant linear operator 

T on E such that {E,T) is homotopic to {E,T) in K^'i^gs^{A, B). The construction is compatible 
with the pullback and hence with homotopies of cycles. 

Proof. Let be a faithful continuous field of measures on Y over X, which can be regarded as 
a Haar system of the locally compact Hausdorff groupoid Y xx Y. Note that the quotient space 
Y/{Y Xx y) is homeomorphic to the cj-compact space X, so it is itself cj-compact, and we can 
finq3 a cut-off function c: Y —> [0, cx)[ for y xx 5^, i.e., a continuous function c on y such that 
Jy^Y ^^y) '^l^^iy) ~ 1 all X G X and p'^{K) n suppc is compact for all compact K (1 X. 



'See, for example, Theorem 6.3 in ITu04l . 
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Define 



Ty:= / c{y') a^^^y,)Ty,a(^y,^y)d^lp^y){y') 



for all 7/ € y, where a denotes the action of p*{Q) (and hence also ofY xxY) on E (actually, the 
formula makes sense for the right-hand side of the pair E and should be interpreted appropriately for 
the left-hand side). Now T is an odd Y x x 5^-equivariant bounded continuous field of linear operators 
on E. It is not hard to show that a{T - f) and {T -f)a are locally compact for all a € T(Y,A), 
compare Lemma 7.2.6 of IIPar07bl . It follows from Lemma [3. 19| that {E, T) is a cycle and that {E, T) 
and {E, T) are homotopic. □ 



The preceding lemma implies: 



Proposition 4.12. The obvious homomorphism from K¥^^^^^^^ {A, B) to ¥^'K}^i^g^{A, B) is an 
isomorphism. 



Corollary 4.13. p\ is a well-defined isomorphism 

^ban 

inverting p*. 



p, : KK^f?c) {A, B) - KK^- {p,A, p,B) , 



4.3 The pullback along generalised morphisms 

Let Q and 7i be locally compact Hausdorff groupoids (with open range and source maps) carrying left 
Haar systems. Recall that the existence of a left Haar system on Ti implies the existence of a left Haar 
system on each graph from Q toH. 



4.3.1 The pullback of Banach spaces along generalised morphisms 

Definition 4.14. Let be a graph from Q to H with anchor maps p and a. Then Jq as defined in 
|1.9| is a strict morphism from p*{G) to 7i, which extends a: 17 ^ TY^'^^. For all 7-^-Banach spaces E, 
define 

n* (E) ■.= p^r^{E). 

This will also be written as p\a*E or as Ind^ E and be called induction functor, especially if Q. is an 
equivalence. 

If ri is as above, then E ^ Q*E is a functor from the category of "H-Banach spaces with the H- 
equivariant (bounded, contractive) continuous fields of linear maps to the category of ^-Banach spaces 
with the ^-equivariant (bounded, contractive) continuous fields of linear maps. It commutes with the 
tensor product and has the (characterising) property that p*U*E is naturally isomorphic to f^{E). 

Proposition 4.15. Let fC be another locally compact Hausdorff groupoid carrying a left Haar system. 
Let Q be a graph from Q to Ti and $7' a graph from Ti to K. Then 

as multiplicative functors from the K-Banach spaces to the Q-Banach spaces, i.e., 

Ind?, o IndV: = Ind^ . 
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Proof. Let p and a be the anchor maps of Q. and p' and a' those of Q!. Let tti and 1^2 denote the 
projections from x^(o) il' to the first and second component. As p' is open and surjective, so is 
Write p for the (open and surjective) quotient map from Q x^(o) il' onto Q," := x-^ fi', and denote 
the anchor maps of Q." by p" and a" . Consider the diagram 




This is a diagram just for the unit spaces, but of course there is a corresponding commutative diagram 
also for the groupoids themselves: 




Here the strict morphism /q is defined as follows: It sends ((0^2, ^2)^ 7; (<^i) '^1)) ^ (P ° T^iTiQ) to 
{^2, /n(a;2,7, wi), uj'i). It follows that 

Q.* o {^'f = p, o (/5 o p() o /5, - p, o ((tti), o /j^) o /j^, - (p o TTl), o (/s,, o /n) * . 

On the other hand, also the following diagrams commute 

^xw(o)^' iponirig) = ip"op)*{g) 





To check that /q/ o /q = f^,, o p let {{u2,u>2), 7, (wi, w^)) be an element of (p o 7ri)*(^). Then 
/n'/(p((a;2, ti;2), 7, (wi, w^))) is defined to be the unique element k G /C such that [u;2,'^2]^ — 
j[u;i,u![]. Also /f2 ('^2,7,^^1) is the unique element rj ^ H such that a;2?7 = 7u;i and /n'('^2> ^'1) 
is the unique element k' e K such that 0J2K' = 770;^. Now 

[u;2,W2]/i' = [i02,io'2K'] = [uj2,rjLo[] = [w2??,wi] = [yui,u[] = -f[u;i,u[], 

so K = k', which is what we wanted to verify. 
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So it follows that 



{n")* = p'{ o /*„ ^ {{p o Tr,)i o p*) o (p, o (/^, o /f,) *) ^ (p o vri), o (/n, o 



□ 



Proposition 4.16. Let f be a strict morphism from Q to 7i. Then Graph(/)* = /*. In particular we 
have g* ^ Idg. 

Proof. Write Q for Graph(/) = x^(o) Ti and denote the anchor maps of $7 by p and a. Then 
p*{g) = n Xgm Q y-gm n, and /q: p*{g) n sends (5, r/, 7, 5', r/') to ri-^f{-fW. If £; is an 
7i-Banach space and g G g^^\ then the fibre {^l*E)g of at g is, by definition, given by 

^{9,V,9,9,v') e P*{S) : 6(3^^) G (cj*^)((,_^) A e((,_^) = {9,1], g, g,ri')e(^g^r,') >■ 



Analysing the action of p*{Q) on (t*{E) gives {g,rj,j,g',rj')e = {rj^^ f{'j)'r]')e for all elements 
(9,r],j,g',ri') G and e G {'J*{E))f^gi ^^i-^ = E^i^^/y We can therefore simplify the above 

expressions: 

For all g G ^^^^ the fibre of f*E at 5 is simply {f*E)g = Effigy If e G Ej(^gy then define 

cl>,(e) := 

This defines an isometric bijection between {f*E)g and the inverse sends (e(p^^))(g^^)gQ to 

^{9 Jig)) ^ ^fia)- shown that $ is a C/-equivariant continuous field of isometric linear maps 

and that this construction is compatible with the tensor product. □ 

Corollary 4.17. Let Q be an equivalence between Q and Ti. Then E ^ Vl*E is an equivalence of the 
categories of 7i-Banach spaces and Q-Banach spaces, isometric and linear on the morphism sets of 
equivariant bounded continuous fields of linear maps and compatible with the tensor product. 

4.3.2 The puUback of KK^'^'^-cycles along generalised morphisms 

For the rest of this chapter, assume that all the unit spaces of the appearing 

GROUPOIDS ARE cr-COMPACT. 

Because the functor Q* is compatible with the tensor product, we can define a ^-Banach algebra 
Q*A = Ind^ A for every 7Y-Banach algebra A. This defines an (induction) functor from the category 
of 7Y-Banach algebras together with the "H-equivariant homomorphisms to the category of ^-Banach 
algebras with the ^/-equivariant homomorphisms. If ^1 is an equivalence, then 0,* = Ind^ is an 
equivalence of these categories. 

Similar statements are true for Banach modules and equivariant homomorphisms of Banach mod- 
ules, and for Banach pairs and equivariant homomorphisms of Banach pairs. Note that Q,* is not 
defined for linear operators between Banach modules or between Banach pairs. The problem is that 

makes sense for linear operators, but the resulting operator between, say, p*^-Banach modules is 
not necessarily Q, Xp il-invariant. So p\ of this operator cannot be defined in general. 

However, we still get a map on the level of KK-groups because in the intermediate step, we can 
make the operator of the KK^'^'^-cycle fl Xp ri-invariant (recall that we have assumed Q^^^ to be a- 
compact). This was done in Lemma l4. 1 1 [ which enables us to define f2* on the level of KK^'^'^-groups. 
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Definition 4.18. Let Qhe a. graph from Q to H. Then Theorem |43] gives a homomorphism 

: KK^:,- {A, B) - KKj- ) (/^A, /^S) . 
Corollary 14. 1 3 1 gives us an isomorphism 

p, : KKjf^^g) (/a^, /^i?) - KK^- (QM, . 

Define 

Ind^ := W := pi o /* : KK^^° (A, ^ KK^^"" 17*5) . 

A variant of the proof of Proposition 14. 1 51 the corresponding statement for Banach spaces, shows: 

Proposition 4.19. Let K, be another locally compact Hausdorff groupoid carrying a left Haar system. 
Let 0, be a graph from Q toTi and Vl' a graph from 7i to IC. Then 

n* o {n'y = {n xn n')* ■. kk^"" {a,b) kk^'"'' {n*n'*A, n*n'*B) 

which could also be written as 

Ind^ o Ind^ = Ind^ : KK^^'^ {A, B) KK^^'^ (ind^ A, Ind^ A) 

The following proposition is proved in Appendix D.2 of IIPar07bl . 

Proposition 4.20. Let f : Q ^ Tibe a strict morphism. Then 

f* = Graph(/)* : KK^-'^ {A, B) ^ KK^- (/M, f*B) 

if we identify f*A with Graph(/)*A and f*B with Graph(/)*S (which is possible according to 
Proposition \4.16\l . 

Corollary 4.21. The homomorphism 

g* : KK^^"" {A, B) KK|i^° {A, B) 

is the identity. 

Corollary 4.22. Let Q, be an equivalence from Q to 7i. Then 

n* : KK^^"" {A, B) ^ KK^^"" {n*A, n*B) 
is an isomorphism with inverse map (0^^)*. 
This can also be expressed as 

Ind^ : KK^^'^ {A, B) ^ KK[i^'^ (ind^ A, Ind^ B) 
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4.3.3 KK^'^^-cycles and the linking groupoid 

Let O be an equivalence between Q and Ti. Let C denote the linking groupoid as defined in Section [L4l 
The categories of t/-Banach spaces, 7-^-Banach spaces and >C-Banach spaces are mutually equivalent, 
and it seems worthwhile to analyse how to turn £-Banach spaces into "H-Banach spaces: 

Let be a £-Banach space. The graph of the inclusion lj^ of Ti into C is isomorphic to U as 
an 7Y-£-space. Hence we can identify, using Proposition 14.161 the 7-^-Banach spaces l^E = E\^(q) 
and Ind£ E = {yiU H)*E; here the restriction E\^(o) is simply the part of the field E over 
which is indexed over n^^l Hence we can identify induction with restriction in this case. 

What we have just said about Banach spaces is also valid for Banach algebras, Banach modules 
and Banach pairs. Moreover, it also holds for the KK'^^'^-groups. More precisely, we have the fol- 
lowing result: If A and B are non-degenerate £-Banach algebras, then Ind^ A can be identified with 
^17.^(0) and Ind£ B can be identified with S|^(o), and the induction homomorphism 

can also be identified with the homomorphism given by restriction onto TY^^) on the level of cycles. 

This observation shows that it suffices to understand the restriction onto an open and closed sub- 
space because every induction along a general equivalence can be written as the product of a restriction 
and the inverse of such a restriction (using the linking groupoid). 

5 The descent 

The descent for unconditional completions and locally compact groupoids was defined in IILaf06l . We 
repeat the basic definitions because we decided to slightly modify them on the technical level to make 
them more systematic (Paragraphs 5.1, 5.3 and 5.4). Moreover, we show that the Banach algebras 
which we assign to locally compact groupoids using unconditional completions are Morita equivalent 
for equivalent groupoids (Paragraph 5.3). We also analyse how the descent on the level of KK^'^"- 
theory behaves under equivalences of groupoids and the pushforward construction (Paragraphs 5.5 
and 5.6). 

Let ^ be a locally compact Hausdorff groupoid with unit space X. Let Q carry a Haar system A. 

5.1 The convolution product and unconditional completions 
5.1.1 The convolution product 

Let El, E2 and F be ^-Banach spaces. Let ^: Ei xx E2 ^ F he a. continuous field of bilinear maps 
(so that /i^ : (^i)^. x {E2)x ^ for allx eX = g(°)). We define 

(5) /^(ei,6)(7') := / /"r(V)(6(7), 7 (^2(7"^')) ) dA^(^')(7) 

for all G rc(g,r*Ei), ^ G V^(<5,r*E2) and 7' G Q. Then is in T^{Q,r*F) and 

(Ci)'^2) I— > /^(Cii^2) defines a bilinear map which is separately continuous for the inductive limit 
topologies and non-degenerate if /i is non-degenerate0 

If /i is written as a product, then we simply write ^1 * ^2 for /^(^i, ■^2)- If A* is written as a bracket 
(•, •) then we write (^i, 6) for 6)- 

By direct calculation one can prove that this convolution product respects associativity laws if the 
involved bilinear maps are ^-equi variant. 

**The proof of this latter fact is elementary but a bit delicate and can be found in IPar07bl . Subsection 5.1.1. 
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5.1.2 Unconditional completions 

The notion of an unconditional norm for Cc{G) was first defined in IILaf02ll for the group case and in 
IILaf06ll for Q being a groupoid. 

Definition 5.1 (Unconditional completion). An unconditional completion A{G) of Cc{G) is a Banach 
algebra containing Cc{G) as a dense subalgebra and having the following property 

(6) V/i,/2GC,(g): (V7G^: |/i(7)l < 1/2(7)! ) ^ IU(e) < IIMI^ce) ■ 

In this case we say that the norm of A{Q) is unconditional. We also write || • ||^ for the norm on A{Q). 

For the rest of Section\5\we fix an unconditional completion A{Q) ofCc{Q)- 

For technical reasons, we extend the norm ||-||_^ as follows: Let ^+ {Q) be the set of all non- 
negative (locally) bounded functions : — > M with compact support. Define 

||v.||^:=inf{||V^||^: V G C,(^), V > V'} 

for all (p G jr+ {Q). Note that by Property Q the new semi-norm agrees on C^{G) with the norm we 
started with. 

Definition 5.2 (The Banach space A{Q, E)). Let be a ^-Banach space. Then we define the follow- 
ing semi-norm on Tc{G, r*E): 

m\A--= 7-iie(7)iu,(,, ^ 

The Hausdorff completion of Tc{G, r*E) with respect to this semi-norm will be denoted by A{G, E). 

Note that the function 7 1-^ ||^(7)|| is not necessarily continuous but has at least compact support and 
is non-negative upper semi-continuous, so we can apply the extended norm on T^iG) to it. If E is 
the trivial bundle over ^(°) with fibre Eq, then Tc{G, r*E) is Cc{G, Eq) and A{G, E) could also be 
denoted as A{G, Eq); in particular, if Eq = C, then A{G, E) = A{G, C) = A{G). 

Definition and Proposition 5.3. Let Ei, E2, F be ^-Banach spaces and let : Ei Xx E2 — > F be a 
bounded continuous field of bilinear maps. Then for all ^1 G ^c{G, r*Ei) and ^2 G Tc{G, r*E2): 

\\lJ'{^ui2)\\ji(^g^F) ^ ll^lloo Il^2||^(g,i52) ■ 

So fj, lifts to a continuous bilinear map A{G, /u) from A{G, Ei) x A{G, E2) to A{G, F) (with norm 
less than or equal to ||/x||oo). If /i is non-degenerate, then so is A{G, A*)- 

The non-degeneracy result can be deduced from the corresponding result on the level of sections with 
compact support: The canonical map from Tc{G, r*F) to A{G, F) is continuous with respect to the 
inductive limit topology on Tc{G, r*F) and the norm topology on A{G, F). In particular, if a subset 
H of Tc{G, r*F) is dense for the inductive limit topology, then its canonical image in A{G, F) is dense 
for the norm topology. 

Note that the convolution product between unconditional completions preserves all kinds of as- 
sociativity laws for bilinear between the underlying (/-Banach spaces. In particular, we have the 
following result: 

Proposition 5.4. Let B be a G -Banach algebra. 
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1. The space Tc{Q, r*B) is an associative algebra with the convolution product 

(6 * 6)(7') := / 6(7) 76(7-S') dA'-(^')(7) 

for all 7' G Q, .^1,^2 £ ^ciG,f*B). The completion A{G,B) is a Banach algebra which is 
non-degenerate if B is non-degenerate. 

2. Let E be a right Q-Banach B-module. Then A{Q, E) is a right Banach A{Q., B)-module which 
is non-degenerate if E is non-degenerate. An analogous statement is true for left modules. 

3. Let E be a Q-Banach B-pair The bracket of E induces a bilinear map 

{; ■)A{g,B) ■■ A{G, E<) x A{G, E>) ^ A{G, B) 

that turns {A{Q, -E^), ^(^, E^)) into a Banach A{Q, B) which we call A{Q, E). The bracket 
ofA{G, E) is non-degenerate if the bracket of E is non-degenerate. 

5.2 Morita equivalence of unconditional completions 

It is well-known that the C*-algebras of equivalent groupoids are Morita equivalent, see I MRW87ll . 
We are now going to transfer this result to unconditional completions and we are also going to allow 
for coefficients in Banach algebras, using the following concept of Morita equivalence for Banach 
algebras introduced by Vincent Lafforgue in an unpublished note: A Morita equivalence between 
Banach algebras A and i? is a pair E = {E^,E^), where E^ and E^ are Banach spaces, such that 
the direct sum L := A(B B E^ © E^ forms a Banach algebra with a multiplication which operates 
as the multiplication of two-by-two matrices if one writes the direct sum as 

i.e., there are binary operations A x E^ E^, E^ x E^ B etc. which satisfy a number of as- 
sociativity and norm conditions; in addition, the binary operations are assumed to be non-degenerate, 
i.e., the closed linear span of AE"^ is all of E^ etc. A more rigorous definition can be found in 
llParOSII . 

Note that the Banach algebra A above is not only Morita equivalent to B, but also to the "linking 
algebra" L. The point is that the inclusion of A into L identifies A with afull comer of L: There is 
an idempotent P in M(L) such that A = PLP and the closed linear span of LPL is all of L. The 
Morita equivalence between A = PLP and L is given by {LP, PL). 

The same pattern can be observed in the case of groupoids as we have seen in Paragraph 11.41 
Working with the linking groupoid we can hence reduce the treatment of general equivalences to the 
case of inclusion as a subgroupoid. 

Let U be an open subset of the unit space G^^^ of the locally compact Hausdorff groupoid G. 
Then Gij is an open subgroupoid of G, inheriting a Haar system from G, and the unconditional norm 
on Cc{G) restricts to an unconditional norm on CdGjj)', the resulting unconditional completion 
will be called A{Gjj). If is a (/-Banach space, then we can consider E\ij = {Eu)ueU which is a 
C/^-Banach space in a canonical way. We can imbed Cc{Gjj ,r*E\u) canonically into Cc{G, r*E), and 
hence A{Gij, E\i/) is a closed subspace of A{G, E). This applies in particular to the case that E = B 
is a (/-Banach algebra; then A{Gjj, B\u) is a closed subalgebra of A{G, B). 

Recall from Paragraph O that a subset U C is called /m/Z if Gu ° G^ = G. 
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Proposition 5.5. Let B be a non-degenerate Q-Banach algebra and let U be an open, closed and 
full subspace ofG^^^- Then there is a projection P in the multiplier algebra yi{A{Q,B)) such that 
A{Qjj,B\u) = PA{Q, B)P and such that the span of A{G, B)PA{Q, B) is dense in A{Q, B), i.e., 
A{Gij , B\i/) is a full comer in A{Q, B). In particular, A{Qjj, B\u) and A{G, B) are Morita equiva- 
lent. 

Proof. Define continuous linear maps 

p> : r,(^, r*B) ^ r,(e, r*B), ^ ^ i\g^ 

and 

p< : T,{g, r*B) ^ r,{g, r*B), ^ ^ ^\gu, 

where the restricted sections should be extended by zero to all of Q. Then (p^)^ = p^ and (p^)^ = 
p^. Moreover, p'^ is TdG, r*i3)-linear on the right, p^ is Tc{Q, r*i?)-linear on the left. Finally, for 
all 6,6 Gr,(g, r*By. 

Sop = {p^,p^) could be called an (idempotent) multipher of Tc{G, r*B). We have 

pr,{g, r*B)p = r,{g^, r*B). 

Note that the maps and p-^ are contractive on the level of sections with compact support because 
A{Q) is unconditional. Hence and give contractive operators and P^ on A{g, B) such 
that Lo p< = P< o t and lo p> = P> o i where i denotes the inclusion of Cc{G, r*B) into A{G, B). 
The pair P = (P^ , P^ ) inherits the algebraic properties of the p, so P is an idempotent multipher of 
A{G, B) and we have 

PA{G,B)P = A{G'i,B\u). 

What is left to show is that P is a full projection, i.e., that the span of A{G, B)PA{G, B) is dense 
in A{G,B). This is a consequence of the fact that the span of Tc{G,r*B)pTc{G,r*B) is dense in 
^c{G,r*B) for the inductive limit topology. To see this, first observe that Tc{G,r*B)p is the same 
as Tc.{Gu:'r*B) and pTc{G,r*B) is the same as rc(^'^,r*P). We thus have to show that the span 
of Tc{Gu, r*B) * Tc{G^, r*B) is dense in T^G, r*B). This follows because U is a. full subset and 
B is non-degenerate; it can be proved in much that same way as the fact that Tc{G, r*B) is a non- 
degenerate algebra. See IIPar07bll . Appendix C. 1.2 for the technical details. □ 

Now consider a locally compact Hausdorff groupoid Ti equivalent to G and let it also carry a Haar sys- 
tem. Let P be a non-degenerate ^-Banach algebra. We want to show that A{G-, B) and A{TL, Indg B) 
are Morita equivalent. For this to make sense we first have to say what A{7{) is, and we do this by 
considering the linking groupoid of G and Ti. Let C be the linking groupoid for the equivalence of 
G and Ti and let A{C) be an unconditional completion of Cc{C). Then A{C) induces unconditional 
completions A{G) oiCc{G) and AiU) of CdH). 

By Proposition[531 the inclusions A{G, B) ^ A{C, Ind^ B) and AiH, Ind^ B) ^ A{C, Indg B) 
induce Morita equivalences 

AiG, B) ~M A{C, Ind§ B) ~M A{n, Ind^ B). 

Note that there is also a canonical equivalence directly between AiG, B) and A{TL^ Indg B) as these 
algebras are contained as full comers in A{C, Indg P), see Section 5.2 of MParOSL 
We state the main result that we have shown in this section for further reference: 
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Theorem 5.6. Let Q and TC be equivalent locally compact Hausdorjf groupoids with Haar measures 
and let A{Q) and A{TC) be as above. Then we have a Morita equivalence 



A{g,B) A{n,lnd^B). 

In particular, we have 

By a result of V. Lafforgue, the K-theory of Morita equivalent Banach algebras is Morita equivalent; 
compare UParOSil . where this is shown for Kq; note that the corresponding statement for Ki follows 
straight, because it is clear that if iJJ is a Morita equivalence between two Banach algebras A and A', 
then Co(M, E) defines a Morita equivalence between Co(M, A) and Co(M, A'). Hence we have: 

Corollary 5.7. In the situation of the preceding theorem we have 

K^{A{g, B)) ^ K^Ain, Indy- B)). 

In particular, we have 

K,{L\g,B))^K,iL\n,lnd^B)). 



5.3 The descent and linear maps 

Let E and F be ^-Banach spaces and let T be a bounded continuous field of linear maps between 
them. We are now constructing linear maps between A{g,E) to A{g,F); there are two different 
ways to do this depending on whether the operator is thought of acting on the left or on the right. 

Definition and Proposition 5.8. 1. The continuous linear operator ^ i— > T * ^ from A{g, E) to 
A{g,F) is defined by the assignment 

T,{g, r*E) ^ (7 ^ T,,(^)C(7)) G T,{g, r*F) 

and satisfies ||r * ^ ll^lloo 11^1 \A{g,E) for all ^ G Tc{g,E). 

2. The continuous linear operator ^ i-^ T*,^ from A{g, E) to A{g, F) is defined by the assignment 

T,{g, r*E) 3^ ^7 [r,(^) (7-^^(7))] e r,(g, r*F) 

and satisfies U * r|U(g,F) < II^IL UhiG^E) all ^ G r,(g, E). 

3. If T is ^-equivariant, then T * • = • * T and the map T h^T * ■ = ■ *T makes E ^ A{g, E) 
a functor from the ^-Banach spaces to the Banach spaces. 

As might be expected, the two ways of forming the descent of a linear map are compatible with 
the general convolution product; we do not formulate a general rule for this compatibility but state the 
consequences which are of interest in what follows: 

Proposition 5.9. I. If B and B' are g-Banach algebras and ip denotes a g-equivariant field of 
homomorphisms between them, then A{g, <p) := if * ■ = ■ * is a continuous homomorphism 
from A{g,B) to A{g,B'). Similarly, g-equivariant homomorphisms with coefficient maps 
between g-Banach modules or g-Banach pairs descend to continuous homomorphisms. 
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2. Let B be a Q-Banach algebra and let E and F be Q-Banach B-pairs. Let T = (T^, T^) be an 
element of Lb {E, F). Then 

(a) T'^ *■ is a linear operator from A{Q, E^) to A{Q, F'') being A{G, B)-linear on the right 
and of norm \\T^ * 'H !^ ll^^ll> 

(b) ■ * is a linear operator from A{Q, F'^) to A{G, E"^) being A{Q, B)-linear on the left 
and of norm ||- * T^|| < ||r^|[; 

(c) The pair {■ *T'^ , T-^ * ■) is inhj^(^gB)iA{G , E), A{G , F)) and of norm less than or equal 
to \\T\\. It will be denoted by A{G, T). 

The assignment E i— > A{G,E) and T i— > A{G,T) defines a functor from the category of G- 
Banach B-pairs to the category of Banach A{G, B)-pairs. 

5.4 The descent and KK'^'^'^-cycles 

Let A and B be t?-Banach algebras. If is a C/-Banach A-B-pan, then there i^ a canonical action of 
the Banach algebra A{G, A) on the Banach A{G, i?)-pair A{G, E). 

Definition and Proposition 5.10. 0Let {E, T) G E^^'"(^, B). Then define 

jA{E,T) := {A{G,E), A{G,T))(^f^-^{A{G,A), A{G,B)). 

The idea of the proof, as given in IILaf06ll . is to express operators of the form [a, A{G, T)] and 
a{A{G, , — 1), where a G Tc{G, r* A), as the convolution with a suitable field of operators; by this 
we mean the following: If S" = (5^, S^) = {S^)y^g is in Lr*£(r*£') and has compact support, then 
there is a canonical definition of a convolution operator 5 = (• * S*^, S*^ * •) in L^(g^) iA{G, E)). If 
is a compact operator with compact support, then one can show that also S is compact. For details, 
see IILafOeil . Section 1.3, or IIPar07bi Section 5.2.7 and Section 5.2.8. 

One can show that the descent map respects homo topics and direct sums of cycles, the pullback 
and the pushforward along homomorphisms of Banach algebras (at least up to homotopy). The de- 
scent therefore induces a homomorphism on the level of KK'^^'^-groups: 

Theorem 5.11. Let A and B be G-Banach algebras and A{G) cm unconditional completion ofCc{G)- 
Then induces a group homomorphism 

3A-- KKf^{A,B) ^ KK'^-M(g,yl), A{G,B)). 

It is natural with respect to G-equivariant homomorphisms in both variables. 

5.5 The descent and equivalences of groupoids 

Let G and Ti be equivalent locally compact Hausdorff groupoids equipped with a Haar system and let 
be an equivalence. Assume that X := G^^^ and Y := H^^^ are cr-compact (we need this condition 
only for the results concerning KK-theory). Let C be the linking groupoid for the equivalence of G and 
Ti. As above, let A{C) be an unconditional completion of Cc{C), inducing unconditional completions 
A{G) and A{H). Let A and B be non-degenerate ^-Banach algebras. 

'Compare Proposition 1.3.3 of I Laf06l . 
'"Compare Definition-Proposition 1.3.4 of ILaf06l . 
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We want to show that the following diagram is commutative: 



KK^i'^'^ {A, B) 



KK^^" (Ind A, Ind B) ^ KK^^° {A{H, Ind A) , A{n, Ind B)) 



KK^^'^{A{g,A), A{G,B)) 



Of course, one has to say what the vertical arrow on the right hand side should be. This is going to 
cause some problems, but we are going to find a commutative diagram which is at least pretty close 
to the one above. 

Technically, we first show the result for the equivalent groupoids Q and C By symmetry, the 
result also holds for H and £, and by a transitivity argument we can thus show it to some extend 
for Q and H. We have said above that the categories of £-Banach algebras and of ^-algebras are 
equivalent and that the equivalence is given by restriction onto Q^'^^ = X. For notational convenience, 
instead of starting with ^-algebras, we prefer to consider >C-Banach algebras. So let A and B be non- 
degenerate >C-Banach algebras. Then B\x is the non-degenerate ^-Banach algebra corresponding to 
the £-Banach algebra B. We have a canonical inclusion of A{g, B) := A{Q, B\x) into A{C, B) as 
a closed subalgebra via some inclusion map i (actually, as a full corner as we have shown above). 

We consider the diagram 



(7) 



{A,B) 



KKf^{A\x,B\x) 



KK^'^'- {A{G, A), A{g,B)) 



The left vertical arrow is given by the induction isomorphism which happens to be restriction onto X, 
the horizontal arrows are the descent homomorphisms. The right vertical arrow is given by the pull- 
back along the inclusion of A{Q, A) into A{C, A) in the first component and the pushforward along 
the Morita equivalence of i?) and A{Q,B) in the second component (compare Theorem 5.29 of 
llParOSI ). We now show the following theorem: 

Theorem 5.12. Diagram ([71) is commutative. 

Proof. Let {E,T) be in ¥}'^'^{A,B). We have to trace {E,T) through diagram © and prove that 
the two cycles that we get in the lower right corner are homotopic. We do this by considering the 
following extended diagram: 



(8) 



{A,B) 



KKl---{A\x,B\x] 



KW^'-^iAiC.A), A{jC,B)) 



KKb-(^(g?,A), A{C,B)) 



KK'°^''{A{g,A),A{g,B)) 



The upper right vertical arrow is the puUback along the inclusion of A{g, A) into A{C, A) in the first 
component, the lower vertical arrow is the pushforward along the inclusion of A{Q, B) into A{C, B) 
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in the second component. The latter map is an isomorphism because the two algebras are Morita 
equivalent, the composition of the upper vertical map and the inverse of the lower vertical map is the 
right vertical map in Diagram (|7]). 

If we go right and down in Diagram ([8]), then we get the cycle {A{C, E), A{C,T)) where we 
regard A{C, E) as a Banach A{Q, A)-A{C, S)-pair. If we start with going down, then we get the 
cycle {E\x,T\x) G 'E}g^^{A\x,B\x)- If we go down and right, then we are left with the cycle 
{A{Q, E\x)-, A{Q, T\x)) regarded as a Banach A{Q, A)-A{Q, B)-pair. Finally, if we go down-right- 
up, then we get the cycle {A{Q,E\x) ®A{g,B) -4(£,-B), A{G,T\x) iX) 1) - here we suppress the 
unitalisations that appear in the definition of the pushforward as they can be neglected up to homotopy. 

We now define a homomorphism $ from A{Q, E\x)'^a(G,b)-^{^: B) to A{C, E) with coefficient 
maps Id^(g_A) and \dj^{^c,B) by 



^>:A{G, E>\x) 



^A(g,B) A{C,B) 



A{C,E>), 



where we regard S,^ G A{G, E-'lx) as an element of A{C,E^); define <I>^ similarly. By the asso- 
ciativity of the convolution, the pair $ := ($^, is a concurrent homomorphism. We now show 
that it induces a homotopy using Theorem 3.1 of UParOSl : Let a G rc(^,r*A) and e > 0. Then 
[a, A{C, T)] is given by convolution with the compact continuous field of operators with compact 
support (compare the discussion after Theorem l5.11l ): 

C3j^ a{j)jTs(_^^ - r,,(^)a(7) G K,.*b {r*E)^ . 

The support of this field is actually contained in Q because a is supported in Q. 

By Lemma 15.131 below, we can approximate [a, A{C, T)] by sums of operators of the form 
|7/>)(^<| with ^> G Tc{C, r*E>) and G Tc{C, r*E<), both having their support in Q. Because 
A{G, E^) is a non-degenerate right Banach A{G, -B)-module and A{Q, E^) is a non-degenerate left 
Banach A{G , B)-module, we can actually approximate [a, A{C,T)] as follows: We can find an 



n G N and C<, . . . ,e< G r,{£, r*E<), i> , ...,^> e T,{C, r*E>) and P< 
rdC, r*B) which all are supported in Q such that 



[a, A{C,T)]-Y,W*Pf){fif*il 



1=1 



< e. 



Note that we can regard the and the also as sections living on Q. If we do so, we have * I3f = 
^>{if ® P>) and P< * if = (g) e<) for alH G {1, . . . , n). 

The operator [a, A(C,T)\-Y]i=i \(i * f^f){Pf *^f\ leaves the subspace A{g,E\x) invariant. 
The norm of the restricted operator is of course less than or equal to the norm of the operator itself. 

Note that \i> (3>){(3< ® | = \if * /5f * | «> 1 and hence 



< 



a 1, A{g, T\x) ®l]-Y. W ® >(A 

i=l 

[[a,A{G, T\x)]-j2W*(ifm*if\ 

n 

a,A{g, T\x)]-Y,W*(it){l3<*il 



i=l 



< e. 
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A similar calculation can be done for a{A{C, T)^ — 1). This shows that $ induces a homotopy. Hence 
the above diagram is commutative. □ 



In the preceding proof, we have used the following lemma which is a variant of the result mentioned 
right after Theorem lS.llI 

Lemma 5.13. Let E and F be C-Banach B-pairs. Let S G }^r* Bii"* E , r*F) have compact support 
contained in Q. Then the convolution by S as an operator from A{C, E) to A{C, F), denoted above 
by S, is not only in K^(£^)(^(/3, E), A{jC, F)), but can be approximated by sums of operators of 
the form \if'){i'^\ with r/> G Tc{C., r*F>) and ^< € Tc{J~-, r*E'^), both having their support in Q. 

Remark 5.14. We do not know whether the right vertical arrow in Diagram ^ is an isomorphism 
because we do not know whether KK*^^" is also invariant under Morita equivalences in the^r^? com- 
ponent. However, the commutativity of the diagram will be sufficient for applications to the Bost 
conjecture. 

Let us now go back to the equivalent groupoids Q and H. By what we have just said we know that the 
following diagram commutes: 

(9) KK[i- {A\x. B\x) KKb- {A{g, A\x),A{G, B\x)) 

KK)^"" {A, B) 

KK^f'^ {A\y,B\y) KKb- {A{n, A|y), ^(W, B\y)) 

The two vertical arrows on the left are given by induction isomorphisms, so their composition from 
the bottom to the top is also an induction isomorphism, namely the induction by the equivalence 0. 

6 The Bost conjecture with Banach algebra coefficients 
6.1 The assembly map and the Bost conjecture 

Let ^ be a locally compact Hausdorff groupoid equipped with a Haar system. Assum^ that there is 
a locally compact classifying space 'EQ for proper actions of Q, which is then unique up to homotopy. 
Let A{Q) be an unconditional completion of Cc{Q)- If 5 is a ^-Banach algebra, then we define a 
^-Banach algebra SB := i?]0, 1[ just as we have defined B[Q, 1] in Paragraph s. 3. 31 

Definition 6.1 (Topological K-theory). For every C/-Banach algebra B, define 

j^top.ban _ j^j^ban ^) ^ 

where X runs through the closed proper ^-compact subspaces of EC/. Define k^°P''^'^° {Q, B) := 

j^top.ban gn^^ foj. 

"in ITuOOl it is said that sucli a space always exists (at least if everything is assumed to be cr-compact), the given reference 
|Tu99l shows this in the case of etale metrisable groupoids. We do not venture into the details but content ourselves with 
the assumption that EQ exists. 



KK^^''{A{C,A), A{C,B)) 
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Note that, if X is a locally compact Hausdorff left ^-space (with anchor map p), then we would like 
to think of Co(X) as a ^-Banach algebra. In particular, we should consider Cq{X) as a field over 
the fibre of Cq{X) as a t/-Banach algebra over g G Q^'^^ is Co(/9~^({fl'})). A more systematic notation 
for Cq{X) as a ^-Banach algebra would be p^{Cx), but we stick to Cq{X) to obtain formulas which 
look similar to the formulas from the C*-world. 

If i? is a ^-C*-algebra, then there is a canonical homomorphism from the C*-algebraic version of 
topological K-theory to the Banach algebraic version: 

K*°P {g, B) ^ K*°P'^^>^ {G, B) . 

Definition 6.2 (Bost assembly map). Let B a C/-Banach algebra. Define the homomorphism of abelian 
groups 

^5: B)^K,{A{G,B)) 
to be the direct limit of the group homomorphisms /i^ ^ given by 

where X runs through all closed, (/-compact, proper subspaces of E^. 
We discuss some details of this definition: 

Wliat is \x,g,A^ If X is a ^-compact proper (/-space, then the element \x,g,A of Ko (-4((/, Cq{X))) 
was defined in IILaf06ll . Paragraph 1.5.2, as follows: Consider the groupoid Q t< X. It is locally 
compact Hausdorff and proper and satisfies {Q x X)'^'^'^ = X and {Q x X)\X = Q\X, this space 
being compact. We can hence finc0 a cut-off-function for Q k X. 

A cut-off function for ^ x X is a function from X to M>o with compact support such that 
jg^ c(7~^x) d7 = 1 for all x ^ X. Now consider the function 

7 ^ (X.^w ^l\x) c^'\l~^x)) 

with 7 S (/. This is an idempotent element of Fc rgCo(X)) (actually, we can think of it as 
an idempotent element of the algebra Tc {G x X, rg^-^^Cx) = Cc{Q i< X)). It therefore gives an 
idempotent element of A{Q, Cq{X)), and the element of Kq {A{Q, Cq{X))) that it determines is 
denoted by Xx,g,A- One can show that this definition is independent of the choice of the cut-off 
function c. 

What is S(-) (Ax,e,^)? The action S of KK"^^"" on the K-theory was defined irEl IILaf02L In 
our case, S is a homomorphism from KK"^^" (^(^,Co(X)), A{Q,B)) to the group of homomor- 
phisms from Kq {A{G, Cq{X))) to Kq {A{Q, B)). Evaluating at \x,g,A gives a homomorphism from 
KKb->- {A{g, Co(X)), A{G, B)) to Ko {A{G, B)). 

To define the Bost-assembly map also for higher K-groups note that there is a the canonical ho- 
momorphism Lb'- A{Q, SB) — > SA{G, B) for every ^-Banach algebra B. We can define /x^ also for 
j^top.ban composition 

j^top,ban ^g,^ 5) = K*°P''^"°(a, SB)^Ko{A{G,SB))^Ko{SA{g,B)) = Ki{A{G,B)). 

'^See |Tu04| for a sufficiently strong existence result for cut-off functions. 
'''See Proposition 1.2.9 of ILaf02l and the discussion thereafter. 
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Proceed inductively to define the assembly map for all n G Nq. Note that is an isomorphism in 
K-theory as stated in IILaf06ll . 

The (naive) Banach algebraic version of the Bost conjecture for Q and A{Q) with coefficients in a 
(/-Banach algebra B asserts that /x^ is an isomorphism. It is naive in the sense that the construction of 
the involved assembly map is analogous to the construction of the Baum-Connes assembly map, but 
the conjecture itself might not be very helpful because, so far, it is not known how to calculate its left- 
hand side. There are probably versions of the Bost assembly map with Banach algebra coefficients 
of the type introduced in IIDL98II which have a more manageable left-hand side, see also IBEL07J . 
For now, we confine ourselves with our "naive" version for Banach algebra coefficients; for C*- 
algebra coefficients there already is a well-established feasible variant: If i? is a C/-C*-algebra, then 
the assembly map introduced in IILaf06ll factors through the Banach algebraic topological K-theory, 
i.e., it is given by the composition 

KrP(^, B) K*r'^"'^(a, B) — K,(^(g, B)). 

The C* -algebraic version of the Bost conjecture for Q and A{G) with coefficients in a ^-C*-algebra 
B asserts that the composed assembly map is an isomorphism. The name "Bost conjecture" is a 
handy analogue to the name "Baum-Connes conjecture" and is justified by the remark on page 10 of 
IILaf02ll that Jean-Benoit Bost has first conjectured a statement of this kind for L^-algebras of closed 
subgroups of semi-simple Lie groups0 The C*-algebraic version of the Bost conjecture is an instance 
of an "isomorphism conjecture" as elaborated in IIBEL07II . 



The Bost map and varying unconditional completions 

Let A{Q) and B{Q) be unconditional completions of Cc{Q) such that \\x\\b — llxll^i for X ^ 
Cc{G)- Then the following result is a consequence of Proposition 1.4.8 in IILaf06L compare also 
Proposition 1.5.4 of the same article which is the analogous assertion for t/-C*-algebras. 

Definition and Proposition 6.3. Let B be a. ^-Banach algebra and let and be the canonical 
maps from T^G, r*B) to A{g,B) and 8(0, B), respectively. Let V': A{G,B) 8(0, B) be the 
homomorphism of Banach algebras such that tp o lj, = lq. Then 

V^,: K,{Aig,B))^K,{Big,B)) 

is a homomorphism making the following diagram commutative 



K 



top, ban 



{g, B 




K, {A{g,B)) 
K. {B{g,B)) 



6.2 Induction and the assembly map 

Let g and H be locally compact Hausdorff groupoids with Haar systems and cj-compact unit spaces. 
Let 17 be an equivalence between g and H. Recall from Section 11.31 that Ind^ is an equivalence 

'''As remarked by the referee, Bost also considered L^-algebras with coefficients; in |Bos90l , for example, there is a 
result which discusses the K-theory of L^{G, B) where G is a group (of a special type) and B is a G-Banach algebra. 
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between the categories of locally compact Hausdorff 7Y-spaces and of locally compact Hausdorff G- 
spaces. It maps proper spaces to proper spaces and a universal locally compact proper 7Y-space to a 
universal locally compact proper ^-space. Assume that such universal spaces exist. 

We have seen in Section 14.31 that the categories of non-degenerate 7-^-Banach algebras and of 
non-degenerate ^-Banach algebras are equivalent via the induction functor B i-^ Ind^ B. If X is a 
locally compact Hausdorff proper 7l!-space, then we can regard Co{X) as a non-degenerate 7-^-Banach 
algebra. The induced algebra Ind^ Cq{X) is then naturally isomorphic to Co{^}xt-i^X) = Co(Ind^ X) 
as a (/-Banach algebra. If A and B are non-degenerate 7-^-Banach algebras, then induction gives a 
canonical isomorphism 

KK^'^iA, B) ^ KK^^°(Ind^ A, Ind^ B). 

As a consequence, we have: 

Proposition 6.4. Let B be a non-degenerate H-Banach algebra. Then there is a natural isomorphism 
given by induction 

functorial in the groupoid. 

Now let C denote the linking groupoid (see Paragraph 11.41 ) and let A{C) be an unconditional com- 
pletion of Cc{C) (this automatically gives unconditional completions A{G) of Cc{Q) and A{l-L) of 
Cc{T~L))- Let i? be a non-degenerate 7Y-Banach algebra. 

Theorem 6.5. The following square commutes 

j^top.ban^^^ -K,(^(H, B)) 

j^top.ban j^^g ^ KM{Q. Ind^ B)) 

Before we prove this theorem, we discuss some of its consequences which are valid for a fixed choice 
of A{C) and hence of A{Q) and A{n). 

Corollary 6.6. The Banach algebraic version of the Bost conjecture is true for Ti and B if and only 
if it is true for Q and Ind^ B. 

Corollary 6.7. The Banach algebraic version of the Bost conjecture with arbitrary coefficients is true 
for 7i if and only if it is true for Q. 

It is not hard to check that the map which connects the C*-algebraic KK-theory with KK'^'*'^ is com- 
patible with induction. More precisely: If B is an H-C*-algebra, then Ind^ B is a ^-C*-algebra and 
the following diagram commutes 

K*°P(H, B) Kt^P'^'^^CTi, B) K,(^(?i:, B)) 

K:°p {Q, Ind^ B) KfP'^^'^ [g, Ind^ B) K,{A{g, Ind^ B)) 

Hence we have the following result for C*-coefficients: 
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Theorem 6.8. The version for C* -algebra coefficients of the Bost conjecture is true for 7i if and only 
if it is true for Q. 

Proof of Theorem Id5l For every locally compact Hausdorff proper "H-compact "H-space X we want 
to show that the following square commutes 

KKbf-(Co(X), B) — -KoM(H, B)) 

„Indfl 

KK^- (Co(l^ X), Ind^ B) ^^{A{G, Ind^ B)) 

As S is a non-degenerate 7Y-Banach algebra, we have Ind^ B = Ind^ Ind^ B, and it suffices to 
show that the following diagram commutes: 

KK^-(Co(X), B) -Ko(^(W, B)) 

KK^^" (Co(Ind^X), Ind^B) -Ko(>l(£, Ind^i?)) 

KKf^ (Co(J^ X), Ind^ B) Ko(^(^, Ind^ B)) 

By symmetry, we can concentrate on one of the involved squares. It hence suffices to show for 
every non-degenerate £-Banach B and every locally compact Hausdorff proper /3-compact >C-space 
X (which we fix for the rest of this section) that the following diagram commutes: 

KK^-(Co(X|^(o)), i?j^(o)) -KK'^^M^(W,Co(X|„(o))), A{n,B\^(o))) -Ko(^(7i, i3|^(o))) 

KKb-° {A{C, Co{X)),A{C, B)) KoM(/:, B)) 

Recall that the algebra A{l-L, -B|^(o) ) is contained as a full comer in A{C, B), the inclusion will be de- 
noted by (/^^ ; a similar statement is true for the inclusion ^pcq{x)'- A{TL,Cq{X\^(o))) ^ A{C,Cq{X)). 
The vertical arrow in the middle of the diagram is given by the puUback along 'fCo{X) iri the first com- 
ponent and the pushforward along the Morita equivalence of A{T-L, B) and A{C, B) in the second 
component. Note that the pushforward along this Morita equivalence inverts the pushforward along 
the inclusion tpB '■ A{Tl, B) A{C, B) in the other direction. Note moreover that we do not know 
and do not need to know that the middle arrow is an isomorphism. 

That the left half of the diagram commutes is a special case of Diagram Q. To see that the right 
half of the diagram commutes, one uses the following observation: 

Lemma 6.9. Let cbea cut-off function on X\j^(o) with respect to Ti. Extend c by zero toa( continuous) 
function c on the whole of X. Then c is a cut-off function on X with respect to C. If p is the 
projection in A(7i, Co(X|^(o) )) given by c and if p is the projection in A{C, Cq{X)) given by c, then 
(pCo(x) (p) = P- particular, we have 

¥'Co(X),*(Axl (0),W,.4) = ¥'Co{X),*(H) = [P] = >^X,C,A- 



KK^r{Co{X), B) 
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Now let {E,T) G Eb^'^(^(W, Co(X|^(o) )), S|^(o) )). Then we have 

here we use the functoriahty of the action of KK^'^'^ on K-theory in both variables (see IILaf02l . 
Proposition 1.2.9). The formula means that the right half of the above diagram commutes. □ 
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